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synopsis 


The continuity of metric projections and the singletonness of 
sets having unique farthest point properly have beai studied by many 
mathematicians. The purpose of this thesis is to continue the study 
of these problems. It is familiar that the class of strictly convex 
spaces with the Efimov Stechkin property (the so called E-spaces) 
provides a satisfactory setting for convex best approximation problems. 
In this thesis we introduce another class of Banach spaces which we 
call "spaces with propearfcy (m)" and consider in such spaces certain 
problems regarding continuity of metric projections and farthest point 
maps. It appears that "such spaces may turn out to be nice for 
problems dealing with farthest points. 

There are five chapters in this dessertation. 

Chapter 1 contains some basic preliminaries, a general outline 
of the thesis, and a brief introduction to the recent developments in 
the field of nearest and farthest points of sets. 

In chapter 2, we have considered the following properties : 

i. no imed linear space X is said to possess property 

(m) if whenever x, g^ e X, j |x] | = jlgj] < 

I {x + g J j 2f then the sequence { is compact ; 
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(m) if whenever X, } [x^ j [ * 1 = j |x^ 1 } , r e X*, 

j|f^| j = 1, ^qCXq) = “tj 1 l^o"^ there exists a 

subsequence } ot {x^} such that ) ^ > 

(s) if whenever (})^ e X*, j j (j>^j | £ 1 , x^ e X, tU^ll = 1j 

and "5 » then the sequence is compact; 

(h) if whenever x^,x^ e X, x^-^x^, 1 |xj j l}x^ll , 

then X -»■ X ; 
no 

(Efimov Stechkin) every weakly sequentially closed set is 
appro ximatively compact. 

We have studied the inter-relationship among these properties and have 
shown that in a reflexive space there is complete duality between 
properly (s) and EflTnov Stechkin property. It is also shovn that 

o 

in a space with property (m), if x 0 , 

I !x-g 1 1 1 + 1 ixl ! , or if 0 < 1 txl 1 <.1, 1 |g 1 1 1 1» 

# 

j |x-g^ I } — 1 - t i^l 1 > then the sequence {g^} is compact. 

Examples have been given to show that property (m) local ■uniform 
convexily of the norm, and Efimov Stechkin property -/ i > property (m). 

In the first part of chapter 3, we have generalized a result 
of E. Asplund which states that if K is a bounded and closed subset 
of a reflexive, locally uniformly convex Banach space X, thsen it 
admits farthest points from points of a dense subset of X. We have 
shown that this result remains true if either (i) X is reflexive 
and has property (m), or (ii) K is bounded and weakly sequentiallyr 
closed and X is reflexive with property (w). In the second part 
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of this chapter, we have introduced a concept of M-compact set# namely, 
a set Kd X is M-compact, if whenever x e X and ^ ^ with 

j|x-g^|j ■+ 5g-(x) = sup {{jx-yjl : y e E} # then the sequence {g^} 
is compact in Z. Such a sequence is said to be a maximizing 

sequence for x. Clearly eveiy compact set is M-compact. We have 
constructed nonoompact M-compact sets and have studied some of their 
properties. We have also obtained a formula for the subdifferential 
3P„(x) at a point x e X, where K is an M-compact set. In the 
third part of this chapter, we have shown that in a locally uniformly 
convex space X , every bounded set having unique farthest point 
property supports a farthest point map whose domain of continuity is 
dense in X. We have obtained some relationships among the continuity 
of the farthest point map, the Gateaux-differentiability of the function 
Pg., and the compactness of maximizing sequences in K. In the last 
part of this chapter, we have shovai that in a normed linear space 
"admitting centres", a set having unique farthest point property is a , 
singleton, provided the associated farthest point map satisfies a mild 
continuity condition. 

In Chapter 4, we have proved that in a space with properly (m), 
the approximative compactness of a Ghebyshev set is equivalent to the 
continuity of the associated metric projection. flat an approximatively 
compact Ghebyshev set supports a continuous metric projection has been 
stowi by I. Singer. In example has been given to show that in an 
arbitrary space, the continTiity of the metric, projection may not imply 
the approximative compactness of the supporting set. It is also proved 



that in a space X with properly (m), every Chebyshev set supports 
a metric projection whose domain of oontinuily is dense in X. IMs 
result has been further improved in locally uniformly convex and 
■unifoimly convex Banach spaces by relaxing the Chebyshev property 
of the supporting set. 

Chapter 5 deals with some geometrical and topological properties 
of equidistaint sets considered by G.K. Kalish and E. G. Straus. It is 
proved, for example, that if for each nonzero x in a normed linear 
space X the set of points equidistant from x and -x is convex^ 
then X must be an inner product space. It is proved that every 
equidistant set in an 2.^-space (l < p < “) is bounded weakly closed. 
Tbrs these spaces satisfy the P^-property considered by V. Klee. On 
the other hand, no equidistant set in l^(v)(l<p<o, p/^2;ua 
separable nonatomic measure) aod c^ is weakly sequentially closed. 
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PREHMIirAHIES AMD BASIC GOMCEPTS 


We begin by recalling some basic definitions, notation, 
and theorems that will be needed throiaghout the thesis. Any 
term not specifically defined can be foimd in [24] . 

Eor all normed linear spaces discussed in this thesis the 
scalars are assumed to be real and their field is denoted by 
H- A normed linear space is denoted by X and its conjxigate 
space by X* * fhe unit ball and the unit sphere in X are 
denoted by u(x) and S(x) respectively. !Ilie symbol B[x,r] 
denotes the closed ball of radius r with centre at x. 0 stands 
for the null element of the space. 

1.1 Various Forms . We shall now consider various types of 
norms that will be freely used in the main body of the Jhesis. 

The results of this section can be found in [16] , [19] , [55] 
and [ 62 3 . 

Definition 1.1.1 . A norm (or a normed linear space) is said to 
be uniformly convex if and only if, given e > 0, there exists 
6(e) > 0 such that 

l i 1 - 6(e) whenever j |x-y j [ ^ e , and ] |x| |=j jy j )= 1. 
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Definition 1.1.2 . A nona (or a noimed linear space) is said to 
be locally tinifoimly convex if and only if, given e > 0 and an 
element x with j jxl| = 1, there exists 6 (e, x) >0 sixch that 

I i ^ whenever llx-yll > e and [[yjj = 1. 

Definition 1.1.5 • A nom (or a noimed linear space) is said to 

be strictly convex if and only if, | j x+y| j =| jxj j +| |yj j implies 
X = ty, t ♦0, whenever x 6 and y / 6 . 

It is clear from the definitions that uniform convexity 
implies local unifoim convexity, and local uniform convexity 
implies strict convexity. 

ffaeorem 1.1.4 . A uniformly convex space is reflexive. 

Let X be a normed linear space. Consider the quotient 



llx^tyll - 11x11 
^^(x,y,t) = , 

t 


(1.1.1) 

udaere x,y e X and t is a real number. 

It can be seen 

[243 

that 




for 

■•^1 i ^2 ^ ^Cx,y,tj) ^ A(x,y,t2) 

> - Myll , 

(1.1.2) 

for 

^1 t. ^2 ^ A(x,y,tj) £ ACx,y,t2) 

lllylf , 

(1.1.3) 

and jBor 

t > 0 , A(x,y,t) + ACx,-y,t) ^ 0 . 


(1.1.4) 


As a consequence we have the following : 

A(x,y,-t) < T"(x;y) < x'^Cxiy) < ACx,y,t), t > 0, 


(1.1.5) 
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where t"*” and x are the right and the left limits of the 
quotient A(x,y,t) as t 0* If x'^Cxfy) = x (x;y) for 
y e X, the common limit 

llx^tyl! - 11x11 ■ ^ 

GCxjy) = lim (1.1.6) 

t 0 t 

is called the Gateaux derivative of the nona at x in Ihe 
direction of y. . 

Definition 1.1.5 . A norm (resp. a normed linear space x) is 
said to be smooth if it (resp. its norm) is G^differentiable at 
every point of the unit sphere S(x). Hie norm is said to be 
strongly smooth if the convergoace in ( 1.1. 6) is uniform in 
y e S(x), The derivative in this case is called Ihe Prechet 
derivative of the noim. If the convergence in (1.1.6) is \inifom 
both in X and y, where x e S(x) and y e S(x), the norm 
(or the space) is said to be uniformly smooth. 

iHaeorem 1,1.6 . If the conjugate space X is strictly convex 
(smooth), the space X is smooth (strictly convex). Bais dualiiy 
is complete in reflexive Bauaach spaces. 

Theoraa 1.1.7 . If X is reflexive, locally uniformly convex, 
then the norm in X is strongly smooth. 

!Itteorem 1.1.8 . If X is locally xinifoimly convex, then the norm 


is strongly anooth in X 
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Theoran >.1.9 . A normed linear space is uniformly smootb 
(resp. uniformly convex) if and only if its conjugate space iB 
uniformly convex (resp. uniformly smooth). 

Definition l.t.10 . The norms jj*jj equivalent 

if and only if, for any sequence > lim | |x^| j * 0 if and 

only if lim j |x^l { j = 0. 

It can he showi that a n.a.s.c. for j j • { | aod 11*11^ to 
be equivalent is that there exist numbers a,b with 0 < a <_ b < " 
such that 

a] jxl j _< 1 jxl 1 ^ bl jxj } for all X. ( 1 .I. 7 ) 

1.2 Weak Topologies . Die results of this seolaon can be obtained 
in [ 24 3 . 

Definition 1.2.1 . 3he weak topology on X is the topology 
obtained by taking as base all sets of the form 

N(x;A,e) * {y e X : !x*(x3 - x*(y)l < e, x* e A), 

vdiere x e X, A is a finite subset of X*, and e > 0 , 

Definition 1.2.2 . Ihe weak* topology on X* is the topology 
obtained by taking as base all sets of the form 

N(x*,A,e) * {y* e X* : }x*(x) - y*(x3{ < e, x e A>, 

where x* e X*, A is a finite subset of X, and e > 0 • 

It is easy to see that if X is a reflexive Banach space, 

•3f 

then both the weak and weak* Inpologies on X are the same. 
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Hieorem 1.2. 7* A set in a reflexive space is relatively weakly 
sequentially compact if and only if it is bounded. 

1.3 Convex Sets . let X be a linear space' and K be a subset 
of X. Ihen K is said to be convex if for any two points 
x^jx^ e K, Xx^+ (l-x)x 2 e K for all X with 0 £ ^ Jll. Por 

an arbitrary set K, the convex hull of K, denoted by co(k), is 
the intersection of all convex sets containing K. 3he closure of 
the convex hull of K is denoted by co(k). 

lemma 1.3.1 . Let be two sets in a linear topological 

space. If the closed convex hulls of and are compact, 

then CO (Z^OK^) = co( co (Z^ co (Z^)). 

theorem 1.3.2 . (Mazur) Let X be a Banach space, and let Z C. X 
be compact. Been ^(z) is compact. 

!Ifaeorem 1.3*3 • (strong Separation IheorQoa) If Z^ and Z^ are 
disjoint closed convex sets of a locally convex linear topological 
space X, and if Z^ is compact, then there exist constants c 
and e , e > o , and a continuous linear functional f on X, 
such that 

??£(K 2 ) < c-e < c _< 

Definition 1.3.4 . In a linear space X, a point x in a convex 
set Z is called an extrme point of Z if x^ jx^ e Z, 0 < X < 1 
and X = XX|+ (l-X) Xg imply that x^= 1 ^= x. 
extreme points of Z is denoted by Ext(z). 


Bae set of 
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Sieorem 1.3.5 . (Krein-MUjaan ) let K be a compact convex 
subset of a locally convex linear topological space X, Uaea 
K = CO (Ext (k)). 

1.4 Convex Functions . [38] We say that a function f, defined 
on a linear space X, is a proper convex function if it is not 
identically +« and 


£Ctx+(l-t)y) < t f(x3 + (1-t) £(y]. 


whenever x,y e X and 0 ^ t ^1* Sixh a function will be denoted 
by f e conv(x). Die effective domain of f is the set 


doffiC£) = {x e X : f(x) < +«}. 


Dieorem 1.4.1 . Let X be a linear space and f e conv(x). Dien 


if X e dom(f), 
o 


f'(x ;x) = lim 
t +0 


fix^+tx) - £(x^) 


(1.4.1 ) 


exists in [_8 b^oo] for every x e X. 

Banark 1.4.2 - Dae quotient £(x^+ tx) - f(x^)/t is a non- 
decreasing function of t for t > 0. 


Daeorem 1.4.3 * Let f be a finite convex function on a linear 

space X. Dien f'(x^; .) is a (finite) sublinear function on 

X, for all X e X. 

- 0 

Corollary 1.4.4 . Let f be as in the Daeorem 1.4.3. Dien 
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fCxQ+tx> - £(x ) 

lira —2 1- * (x^,-x) < £’ CXqJx) , 

t -0 t 


for every x^ ,x e X. 

Suppose that X is a real linear topological spacej f a 
finite convex function on X, and x^ e X. Suppose that £*(x^; . ) ® $ 
belongs to X . (Then 


£(x +tx) - f(x ) 

(f.(x) * lim 2- 

t 0 t 


(1.4.2) 


that ie, the tw sided liinit exists for all x e X. Ihe functional 
is called Ihe gradient of f at x^, and is written Vf(x^). 

1.5 Subgradients . [38] We now turn to a satisfactory generali- 
zation of the notion of gradient in the case of convex froactions 
which are not differentiable. Ihe appropriate concept is a 
" subgradient'' of a convex function, the theory of \idiich has been 
extensively developed in the last few years by Bi^ndsted [12] , 
Rockafellar [7] j and others. 


Definition 1.5.1 • Let X he a real linesir topological space 
and f e conv(x). Any £ X* satisfying Ihe inequality 


£(y3 ^ £(x^) ♦ <l>(y-XQ), for all y e X 

is called a sUbgradient of f at x^. Ihe s«t of all stwh # 
is the subdifferential of f at x , denoted by 3ffx ). 

O' ' O 


(1.5.1) 
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Bemark 1.5.2 . (a) If Vf(x^) exists, then it obviously belongs 

to 3f(x^), and it can be seen that 1here is no other subgradient 

at X . 
o 

(b) If x^ ^ dom(f), then 3f(x^) is void by definition. 
On the other hand, if x^ e dom(f ), then <{i e X* is a subgradient 
of f at x^ if and only if ^(x) ^ f '(x^;x) for all x e X. 

Example 1.5.3 . A noim is a proper convex function. If 4> is a 
subgradient of the norm at x^, then by (l.5.1 ) 

} 1 y 1 i 1 1 UqI I + ^Cy-Xo) for all y £ X, 

i.e. (i) 4 '(Xq) > 1 IxqI 1, and 

(ii) 41 ( 2 .) £ l(zl! foi’ all z e X (put z = y - x^). 

Ihus if x^ 6, then = l!x^|| and ||4)|j=l , and if 

x^- e , then ^►(y) £ 1 1x1 1 , for all y e X implies that the 
unit ball TJ(x*) of the conjugate space is the subdifferential 
of the norm at 8 . 

Conversely, if = 1, 4'(x) = j jxj | ^ 0 , then for 

any y e X, we have 

liyll * !|x|| - <!>(x)+!lyl| = 1 1x1 [+(j)(y-x)-(J>(y) + { !yl I 

£ 1 |xl 1 + ({((y-x) (Since 1 }yl 1 > 4iCy)) 

8uid hence <j) is a subgradient of the noim at x. 
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Iheorem 1.5«4» Let X be a locally convex space and f e conv(x). 
If f is contintuous at x^ e dom(f ), then 3f(x^) is a nononpty 
weaJj* compact convex subset of X . 

ateorem 1.5.5. (Moreau, Ishenicfanii). Let X be a real locally 

convex space and f e conv(x). Assirae tiiat f is continuous at 

X . lEhen fbr all x c X, 
o 

f*(xQ;x) = max {4>(x) : ^ 3 £CXq)}. 

1.6 Best App3Xiximation . Let M be a subset of a normed linear 

space X ; then a point x* e M is said to be a best approximation 
(or nearest point ) to x e X from M if j jx - x’ j } = 
inf {j{x-y|| ; y e M} . If each x e X has at least (resp. 
exactly) one best approximation in M, then M is called a proximal 
(resp. Chebyshev ) subset of X. Ihe map vdiich associates 

with each x the set of all x’ (the best approximations of x) 
in M is called best appro ximation operator (or metric projection ) 
supported by M. Bie scalar inf {j jx-y | | : y e M} is denoted 
by djj(x). It is easy to see that the function satisfies 

a lipschitz condition djj(x) - <ijj(y) ^ ] jx-y[ | > for all x and 
y in X . 

(Che concept of a sun is originally due to Efimov and 
Stechkin [52 ] ♦ However, various generalisations of it have 
been made by Vlasov [80 l and we list 1±iem in the following j M 
is a set and is its metric projection ; 


M is called a 
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1 ) Sun ifvx^ M 3 y e such that y e V z ia the 

half ray ^ , issuing from y and passing throu^ x; 

2) a^-sun if V x M 3 * %Cz) ^ ttz-xH z e 

where is a half ray with vertex x; 

5) a^-sun if \^x ^ M, V e > 0,3 : d,^(z) ^ Hz-xH + djj(x)- e e 

4) a-sim if V" X M ^ “1 1 ^“xj j + ^^(x) vz e 

5) 6-sun ifV-x ^ M, V- R > 0 3 z : 4,Cz) - ^^(x) = 1 1 z-x| ! = R; 

6 ) Y-sun if\rx i M,V-R >0 a : dj^CZn^ - = H^ti-xll ; 

7) 5-sun ifV Xf?!?3Zjj?ix : (djf(Zj^) - dj,Cx))/l j z^-xj 1 -»■ 1. 


Remark 1.6.1. Valsov [80] has shown that 4)=^ 3)==*^ 2) ; 

1 ) =*=^ 4 ) ==^ 5 ) ==^ 6 ) 7 ) and in a Banach space X , the 

class of Y-suns coincides with the class of 6-suns. It is 
also shown that in a space X with the property (m) (according 
to him such a space is said to belong to the class (CIDR)), eveiy 
proximal Y— sun is an a-sun. It can be also easily checked 
that 3 ) -=*=*^6). Bhis means that the concepts of aj^»a,6,Y» - 
6-suns in a Bamch space with the property (m) are the same. 

Proposition 1.6.2. [80] In a smooth space X, every a^-sim is 
convex;. 

A set-valued metric projection is said to be upper 

s aai-c ontinuous (lower semi-continuous ), if the set {x e X : 
Pjj(x)C V } is opm (closed) for eew3h open (closed) subset 7 of M. 
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A set K <2 X is called boundedly compact if its inter- 
section with any closed ball is compact. K is called approxi- 

matively compact if, for any x e X K and { g^} C. K, the 
relation j |x - g^) | implies that { is compact in K. 

It is knovsn that [52, 71 ] every boundedly compact Chebyshev 
set and every approximatively compact Chebyshev set in a noimed 
linear space X admit continiaous metric projections. 

1.7 Brief Review . One of the recent trends, in the theory of 

best approximation, is the study of convexity of Chebyshev sets. 

It is a well-lmown result that a Banach space X is reflexive 
and strictly convex if and only if every closed convex set in X 
is Chebyshev. Ihere arises naturally the problem of characterizing 
the Banach spaces in vdaich every Chebyshev set is convex. It is 
known iiiat in a smooth Banach space X of finite dimension every 
Chebyshev set is convex. It is also knowi that [10] for every 
integer n ^ 3 there exists an n-dimensional non-smooth Banach 
space X with the properly that every Chebyshev set in X is 
convex. However, it is not known ^eth^ the convexiiy of 
Chebyshev sets is true in Banach spaces of infinite dimension. 



V. Klee [52] has shown that there is a close connection 
between liie convexity of Chebyshev sets in Hilbert spaces and 
the following problem on farthest points: If K is a nonempty 
subset of a Hilbert space H such that each point of E admits 
a unique farttiest point in K, then must K be a singleton ? 
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If the SLnswer to Ihis pioblem were in affiimative, thoa every 

Chebyshev set in H v?Dul<i be convex. iHiere arises naturally 

the problan of characterizing the Banach spaces in ^^itich every 

nonempty set having unique farthest point property is a singleton. 

Partial answers to this problem have been provided by E. Asplund 

tx 

in [ 3 ] and V. Klee in [ 52 ] . It is proved in f 3 ] that in R 
with an unssrmmetric norm (i.e. positively homogeneous and sub- 
additive), every nonempty set having \mique farthest point property 
is a singleton. As for the infinite dimensional Banach spaces, 
it is shown that if the norm in X is the maximum of a countable 
family of linear furctions, then nonempty sets in X having 
unique farthest point property are singletons. As a consequence, 
the spaces c^ and c are the two infinite dimensional classical 
Banach spaces having this property. Quite recently, J. Blatter 
£8 3 has shown that if K is a nonempty subset of a Banach space X 
such that the associated farthest point map is singlevalued and 
continuous in "So (k) , then K consists of a single point. In 
this context, he has introduced a concept of - compact set such 
that this set, vhen it has unique farthest point property, 
supports a continuoirs farthest point map. In this thesis, Ihese 
sets are called M-compact sets, the prefix ’’M*' symboli 2 d.ng that 
all maximizing sequeixes in the set are considered. We study 
the M-compact sets in the setting of a space with the property (m). 
Spaces wi1h the properly (m) are generalization of locally uniformly 
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convex spaces introduced by A.R. lovaglia [62] and have been studied 
in detail in Chapter 2. As has been shown by J. Blatter [8] , 
in a Banach space X, every nonanpty M-eompact set having unique 
farthest point property is a singleton, illiis is a consequence 
of his main result which reqioires that the farthest point map be 
continuous. We show that in a norned linear space "admitting 
centres", every nonempty set having unique farthest point property 
is a singleton provided the farthest point map satisfies a mild 
continuity condition. We also prove an existence result on 
farthest points and thereby generalize the corresponding results 
of E. Asplund [2] and M. Edelstein [ 25 ] . 

In a non-Hilbert space X, no relationship has yet been 
established between the problem of convexily of Chebyshev sets 
and the problai of singletonness of sets having unique farthest 
point property, although many results concerning these problems 
run similar. !Iherefore, the problem of convexity of Chebyshev 
sets in an infinite dimeosional Banach space has to be approached 
in a different way. In ttiis direction, we note that so far only 
a partial answer has been obtained. Ihe notions of bounded 
compactness and sun [52,78] have been introduced and It.P. Vlasov 
[77] has shown that in a noimed linear space X every boundedly 
compact CSiebyshev set is a sun. Eurther, if X is a siaooth 
noimed linear space, Ifam every sun is convex [781 . H.V. Efimov 
and S.B. Steohkin [35] have generalized the concept of bounded 



15 


compactness and have introduced approximativedy compact sets. It 
is proved that in a uniformly convex Banach space, every weakly 
sequentially closed set is approximatively compact. Characterizations 
of Banach spaces with 1iiis property have been given by I. Singer [71] • 
It has been shown by H.V. Efimov and S.B. Stechkin [33] that in a 
smooth and unifomly convex Banach space X, a Chebyshev set K 
is convex if and only if it is approximatively compact, in particular, 
when K is a weakly closed set in a Banach space X which is 
uniformly smooth in each direction and uniformly convex, this result 
has been obtained by V. Klee [52] . 

Instead of prescribing additional conditions directly on the 
Chebyshev set K in order to be able to conclude that it is convex, 
one may impose, for the same purpose, conditions on the metric 
projection fg-* 7. Klee [52] has proved that if K is a Chebyshev 
set in a smooth and reflexive space X and if every x e X K 
admits a nei^bourhood v(x) such that is both strcngly 

and weakly continuous, thoi K is convex. It has been shown by 
J. Blatter, P.D. Morris, and D.E. Wulbert [9 ] that the strong 
continuily of P^. can be dropped and the above result still holds 
with the lone assumption of weak continuity of Pg. On the other 
hand, L.P. Vlasov [80,81] has shown that if X* is strictly convex 
and if Pj^ is strongly continuous, then K is convex. It may 
be noted that [71 ] every approximatively compact Chebyshev set 
supports a continuous metric projection. In Chapter 4, we prove 
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the converse of this result in a space with property (m), namely, 
the continuity of metric projection implies that the supporting 
set is approximatively compact. Moreover, it is shoiai that in 
such a space the domain of continuity of Ihe nitric projection 
supported by an arbitrary Ghebyshev set is dense in the space. 

It has been shown by T. Klee [52] that there is a connection 

between weak continiiily of metric projections and weak closure of 

equidistant sets. He has considered properties and [52] 

to show that in a space X with the -properly (resp, P^-properly) 

every boundedly compact Ghebyshev set supports a metric projection 

which is weakly continuous (resp. weakly continuous in a nei^bour- 

hood of each point). C.A. Kottman and Bor-Luh-Iin [54] have 

considered this problem with respect to both weak and bounded weak 

topologies. In generalizing Klee's result, they have shown 1iiat 

if X is smooth, M = [{x } .] is a reflexive subspace, and 

for each a, [x^] is a Ghebyshev subspace and the equidistant set 

is bounded weakly closed, liaen the metric projection 

Pjjj is bounded weakly continuous. Bais gives rise to the pix>blem 

of characterizing the spaces in which every equidistant set is 

p 

weakly or boimded weakly closed. We prove that, in an it -space 
(l < p < oa), every equidistant set is bounded weakly closed. 

However, the characterization of such spaces is still an open problem. 

Sor a detailed account of the recent developaent in the 
theory of best approximations, see the Appendix in [ 71 ] . 



OHAPTES - II 


A GMERALIZAHOl OF IDOMj UITEEOEM (X)FyEn!n OF -IHE WORM 

2.1 Introduction . A real nonned linear space X is said to 
have the property 

(m) if viienever j jxj j= 1 , | jg^j | ^ 1 and | jx + g^j } -»■ 2, 
thai Ihere is a subsequence of {g^} which converges, 

Biis is a generalization of the following notion introduced 
by lovaglia [62] : X is called locally uniformly convex 

(nJC) if viienever j jx] i = 1 , 1 |g^! j <. 1 and j jx + g^] 1 ->-2, 
then j jx - g^ j I -^0. 

In the present thesis, I0C spaces and, more generally, spaces with 
the property (m) provide, in a way, a natural setting for considering 
certain questions regarding ’’best approximations" and "farthest points 
Hie purpose of this chapter is ti study the property (m) of a normed 
linear space and its relationship with other properties such as the 
Efimov Stechkin property considered by Singer [ 71 3 > tiie property (h) 
which together with strict convexity is the properly (h) introduced 
by Ey i^n and Glicksberg [34] , and the following property ; A 
no med linear space X is said to satisfy the property 

(s) if for any sequence {(}>^}C.X* with | j '{'^j | 5. 1 , and 
for any x e X with || x|l =1, the relation f^(x) 1 Implies 

that the sequence has a convergoit subsequence. 
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It can be easily seen liiat ( [38] , Lenma, p. 14?) the 
property (s) is a weakening of the anulian's criterion of strong 
smoothness of the norm. It turns out that for reflexive spaces 
there is a complete duality between the Efimov Stechkin property 
and the property (s). 

A nomei linear space X is said to have the Efimov 
Stechkin property [ 71 ] if each weakly sequentially closed set 
is approximative ly compact. Singer has given the following 
characterizations of the Efimov Stechkin property s 

Iheorem 2.1.1. [71 ] Eor a Banach space X the following conditions 
are equivalent : 

1° X has the Efimov Stechkin property. 

2° Every weakly closed set in X is approximatively compact. 

3° Eveiy closed convex set in X is approximatively compact. 

4° Every closed hyperplane in X is approximatively ccmpact. 

5° X is reflexive and has the property (h) : whenever 

{x^]C X, X e X, x^-:- X and 11x^1 ! -^ 1 1x1 1 , then 

1 Ix^- 2:1 1 -»■ 0- 

If X is strictly convex and has the Efimov- Stechkin 
property, then it is called an B-space. Such spaces have beaa 
first introduced by Ey Ban and Glicksberg in [54] and have been 
characterized by thaa in several ways 
spaces can also be found in [38] . 


A detailed study of siish 



A normed linear space X is called strongly smooth if its 


norm is Prechet differentiable at every nonzero element of X. 

Let us recall tiiat the norm is Erechet differentiable at x / e 
if and only if any sequence U(x*), for which ! 1^1 1 » 

is convergent. Clearly, the property (s) is a generalization 
of this concept. Ihis property is stronger than the following 
A-property introduced by Anselone [53] : 

(a) Ibr X e X, let x*^ = {x* e X^: |jx*j| = jjx)j, 

2 

and x*'(x) = j [x| ] } . Then for each totally bomded subset T 
of X, the restriction of c to T admits a selection with a 

■Jf 

totally bounded range; that is, there is a fimction s:T -»-X 
such that s(t) e t° for all t e T and the set sT is totally 
boimded. 

Remaifc 2.1.2. We note that the property (s) implies that every 
selection s has a totally bounded range. Bor, if there is a 
selection s vshose range sT is not totally bounded, taen there 
exists a sequence [x* } in sT such iiat it has no strong 
cluster point. Since T is totally bounded and each x* 
corresponds to an x^ in T, we can assume wltiout any loss of 
generality that ^ • Ihen 

=^cv= Ikll' - iKIl- 

Eurther we can assume ^ 6 j since otherwise { x^ } would converge 
strongly to e . Now set z* = 3^j jz^j | . 


liiaa 



z*Cx^) = = 1> an'i 


hence 1 , j -m z* (x ) = lim z* (x ) = x . If X has the 
nn no’'o'' 

n 00 n 00 

property (s), then {z*} is compact. !Ihis means 
compact, which is a contradiction. 

Dae following tvro propositions hold since they hold for 
the A-proper1y [ 53 ] : 

Proposition 2.1.3. Eveiy infinite dimaasional Banach space can be 
renoimed so as to lack the property (s). 

2 

Proposition 2.1.4. There is a renormed version of St, which lacks 
the property (s) even thou^ its vinit sphere is everyvdiere 
Gateaux-smooth and is Prechet-smooth except at tvro points. 

a recent result of Troyanski [75] every reflexive space 
can be ^ven an equivalent nom -jiiich is strongly smooth. Tfaias, 
in particular, every reflexive space can be renormed so as to 
have the property (s). 

2.2 Spaces wi1h 1iie Property (m) . We begin by observing that 
all finite dimensional Banach spaces have the Efimov Stechkin 
property and the properties (m) and (s). All lUC spaces have 
the properly (m) and all stmngly smooth spaces have the property (s). 
Indeed, we have 

ilheorem 2.2.1 . X is IDC if and only if X is strictly convex 


and has the property (m). 



Proof . 


It is clear that if X is HJG, then it is strictly 


convex and has the property (m), Ob prove the converse, suppose 

that jlxj| = 1, HgJl lI and j jx + g J [ 2. Let {g^ } be 

i 

a subsequence of {g^^} converging to g. Because of 
[ }x + g^l I £ I |x| I + 1 jg^I I £ 2, it is clear that j |gj [= 1. Ohus 

{ |x + gl 1 = 2 v= 1 lx j I + j |gj 1 , and strict convexity then implies 

that X = g. Olds shows that any convergent subsequence of {g^} 
converges to x. Further, any subsequence of {g^^} contains a 
convergent subsequence. Iherefore, j|x - g^jj 0 and X is 
LUC. 


Ohe following two theorems are instrumental in proving 
many results in this thesis. 

Oheorem 2.2.2. Let X be a nomed linear space with the property (m) 
Ohen fbr each nonzero element x e X, every sequence {g^Xl U(x), 
satisfying j [x - ^ j | -> 1 + j jxj j , has a convergent subsequmce. 

Proof : Let x 0 be any element in X, and let {g^} C u(x) 

be such that j jx - g^j j -»■ 1 + j jxj | . Choose e S(x*) such 
that 


- in) = 11^ - gnll* (2.2.1) 

Let £ S(x*).' and 4>^(x) = llx{ { . From 1 1 £ *• > 
and j (x) 1 <^j|xll follows that a subsequence } of 



{ijj } can be cto.^en so that both the sequences (x) } and 



are convergent. But (x) = (g^ ) + Ijx-g^ 


1 1 


1 1 


and hence lim (x) ^ -1 + lim | |x -- g 1 1= ~ 1 +1 +1 1^:1 ] = 

i->coi i-4-oo 1 

Ijxjl . !llxis, together vd.th lim (x) ^ It^cll j implies tiaat 

t|j (x) j |x[ j . Uow set 
1 


n. 

1 -V oo 1 


= 


tx-gn 


^ x 

— and z = n -rr . 

X 


(2.2.2) 


Hien 


2 = lim (z^ +z) ^ lim inf 

^.>00 1 i i-voo 


1 z +zl 1 < lim sup 
n- — • 

1 1 -»- » 


+21 1 1 2 , 

■ i 


and hence | j + z| } -»- 2. ^ the property (m) of X, there 

i 

exists a subsequence } of ^hlch converges. It 

D 

follows that the sequence { a convergent subsequence. 

Bais proves the result. 

Corollary 2.2.3. let X be locally uniformly convex, and let 
K be defined by 

= UCX} a. int B[x, 1 + j jx| j - e^] » where x / 6, 0 < < 1+ j 

and ->■ 0, Then' diam ^0 as n -»• «, 

Proof : It is enough to prove that any sequence {g^} 'wilii 

g^ e converges to -x/jjxjj . It is clear that -x/j|x|] e 
for each n and 1 + {jx|| “ ^ !N “ ^li Jl ^ t- |l 2 :|j wirLch 

shows that {S^} is a maximizing sequence in TJ(x) for the 
element x. By liie local uniform convexity of X, the sequoace 



{2 } in the previous theorem converges to 

i 


■II* 

X 


lim 


- Sn.l 
1 


11x11 


z and hence 

X. Elis shows that 





(2.2.3) 


Since any subsequence of { } has a subsequence satisfying (2.2.3 )> 

it is clear that *-x/\^ j x [ | is the only strong cluster point of 
{g^} ; that is, in other words ~x/| jxj j . Biis proves ihe 

assertion. 


IBieorem 2.2.4. let X be a normed linear space with the property 
(m), and let x be a nonzero element of U(x). Suppose that 

is a sequence in X with | ] >1, j jx - g^^j 1 1 “ 1 jx] j • 

!Ihen the sequence is compact in X. 


Proof : In view of 1 !x-g^j j ^ j ISj^l 1 “ 1 jxj j , and the relation 
j jx - g^l j 1- j |x| ] , it is clear that Ijs^ll -> 1 • Choose 
i{)^ e S(x*) such Ihat 


= I 1^1 1 • (2.2.- 

llg^ll = iIj^Cf^-x+x) < llx-F^ll + 't^(x) < Hx-^H + lU!!. 

Elis shows that lim ’i^^(x) = 1 jx ) j . Eaus setting z^= g^/ }{g^| 
n -> CO 

and z = x/| jxj ] , we obtain 
2 = lim ^ I - ^ 1 

<x> “ * n CO n 0° 



whence 1 ^ijj ->-2. As X has the property (m), the sequence 
{z^} has a convergent subsequence. Clearly, this also establishes 
the compactness of the sequence { the proof is complete. 

Corollary 2.2.5. Let X be locally uniformly convex, and let 

be defined by = L[x, 1 -j jx] j + e^] int U(x), where 

X ^ 9 , e >0 and e 0. Ihen diam (K ) "^ 0 as n -»■ ». 

’ n n n 

Proof ; It is enou^ to show that any sequence {gj^^} with ^ 

converges to 2 /|jx|[ . Clearly, s/j jx] j e for each n , 

■ 11^11 _5ll^ “ Snf i - ^ ~ ^ -^n’ 

showing that | jx - g^j t 1 - 1 jx] j . Ifom the previous theorem 
j i z^+ 1 ^ then because of Ihe local uniform convexity of 

the nom z^ .-^ z. Ihis shows that ^ -> x/| jx| | thus completing 
the proof. 

2-3 Relationships among Various Properties . 

Iheoren 2.3.1. Let X be a normed linear space with the property 
(m). Baen X has the property (h). 

Proof : Let {y^} <ZX, y e X such Ihat y^-:- y and j jy^j j j {yj j . 

If !|yjl = 0? then the assertion is trivial. Otherwise, write 
Xq/I |yj t aja'i =y/}jyji . Bien j [xj 1 =1 = jjxjl and 
x^— X. X. Let o S(x*) be such that (j>(x) = 1, then 

2 = iim (!)CXj^+x) ^ lim inf j |xn+xl 1 £ li® STO { [xj^+x} j <_ 2, 

'fl ''CO ■ H H 



and hence limj jx + x j ] =2. % the property (m) of X, {x } 

n -t ~ ^ 

has a convergent subsequence. Also any subsequence of has 

a convergent subsequence. !Ihis shows, in view of x^— ^ x, that 
x^ X. Hence the theorem is proved. 

ilheorem 2.3.2. X has the Efimov Stechkin property if ami only 
if X* has Ihe property (s). 

Proof : Let X have the Efimov Stechkin property, that is, X 

is reflexive and has the property (h). It will be required to 

show that for any {x^}C U(x) and ({> e S(X*), the relation 

9(x^) 1 will imply that the sequence {x^^} has a convergent 

subsequence. By the reflexivity of X, there exists a siobsequence 

{x } of {x } converging weakly to some element x, say, Erom , 
n^ n 

1 = <{>(x) = lim (J>(x^ ) < lim inf j jx^ j | <_ lim sup { jx^ i 1 - 1 » 

i i i 

and 1 = <|)(x) ! jxl 1 ± lim inf ] |x j | ^ 1 > if follows that 

i ■+ « “i 

1 |x 1 j -»■ 1 =1 |xj j and then by the property (h) of X, x ■> x. 

\ X 

Ihis proves that X* has the property (s). Conversely, let X* 

have the property (s). lb prove that X is reflexive, it is 

sufficient, in view of Jame’s characterization of reflexivity [43] » 

to show that each e s(x* ) attains its supraaum at some point 

of the unit sphere S(x). As jltjj = sup j?{)(x)j , there 

xeS(x) 

exists a sequence {x^} C S(x) such that | |ii)[ j = 1. 

But the space X* has the property (s) and hence {x^} is compact. 

Any cluster point of {x } is a point vhere f attains it 



supremijm on S(x). (Riie proves the reflexivily of X. 2b 
prove that X has the property (h), we consider a sequence 
{x^}C X which converges weakly to x and satisfies 
[ jx^j I -4- ] |x| j . Without loss of generalily, we can assume 

jjxjl =1 = |jx|| . Mow choose ijj e S(x*) STJch that tJ;(x) = 1. 
Then we shall have ''{’(x) = 1 vhich, in view of the 

property (s) of X*, will imply that { is compact. Since 
x^— ^ X, X is the only strong cluster point of the sequerxje {x^} . 
Hence the proof is complete. 

2he following corollary exhibits, fcr reflexive spaces, the 
complete dualily between ihe Efimov Stechkin property and the 
properly (s). 

Corollary 2.5*3. If X is reflexive, Ihen X has the property (s) 
4=>^ X* has the Efimov Stechkin property. 

Proof : 2he result follows trivially from the fact X = X** and 

Theorem 2.3*2. 

Theorem 2.3*4. If X* has the properly (m), then X has the 
property (s). 

Proof : Let x^ e S(x), U(x*) and 11x^1}= 1* 

l^y Shhn-Banach theorem, there exists e S(x*) such that 

lb (x ) = 1. Thus 
0 0 

2 = lira +4>o) (Xq) lia inf { ! < lia sm 1 ( 1 2, 

1^ ->■ 00 n n 



as n 00 , 


As X* has 1±ie property (m), 


aad hence j I ^ 

there is a subsequence of which converges. Bais proves 

that X has the property (s). 

If X* has the property (s), then X may not have the 
property (l) (see Example 2.3«t3). But if, in addition, X has 
the follovdng property: 

(w) if vhenever j I = 1 = 1 ! I > ^ s(x*), = 1 

and j |x^+ x^] I 2, then there exists a subsequence {x^ } stjch 

that f (x ) -^ 1 , 
o n. ’ 

1 

then we do have 

Bieoraa 2.3.5. If X has the property (WM) and X* has the 
property (s), then X has the property (m). 

Proof : Let x^,x e S(x) and 1 lXj^+ x]] 2. Biere exists 

f e S(x*) such that f(x) = 1, and then by the property (WM) 

of X, a subsequence {x } of {x } can be extracted such that 

f(x ) -♦• 1 . Bais, in view of the praperty (s) of X*, implies 
^i 

that {x } has a convergent subsequence and the result follows. 

1 

Corollary 2.3.6. If X has the Efimov Stechkin property and the 
property (WM), then it has the property (m). 

Proof : Biis follows immediately from Iheorems 2.3.2 and 2.3*5 

Corollary 2.3.7. If (i) X is reflexive, 

(ii) X has the property (s), aad 

(iii) X* has the property (1M), 
then X* has th.e properly (m). 



Proof . !Ihis folio v® Immediately from Baeorem 2.3.5. 


Baeorem. 2.3-8. If both of X and X* have the Efimov Stechkin 
property, then bolia have the properly . (m). 

Proof ; ¥e only prove that X has the property (m), the proof 

for X^ being similar. let x ,x e S(x) and I lx + x ! j ^ 2. 

n’ o ^ ^ ‘‘no 

Choose {f } C S(x*) such that f(x + x)=lix + xll . Bien 
n n''no ''no‘' 

for any z e X, 

^C^o-z) < ilxn+zil + 

11+ 1 U1 1 + 

or lull > llxj, + Xgll - 1 + fn(z-Xo3 (2.3. 

let f^ be any weak cluster point of the sequeroe ; then 

from (2.3 .1 ) 


|zl! ^ I UqI 1 + fgCz-XQ), for all z e X. 


Bais implies that f^(x^) = 1 1 = 1» As X* 

has the property (h), f^ will be a strong cluster point of the 

sequence {f } . let {f } be a subsequence of {f } such that 

^i 


f -> f . Basa we have lam f ( 
■a. " '■ 

1 




1 o 


- - - J.XAli i V _____ 

n, o .O' 

1 00 a. 0 


) = 1 , and b e c au s e 


X + X 

\ o 

of the properly (s) of X*, the sequence { 'Ihas a 

j jx + X 1 1 
^ In. ^ 

■ X, 



convergent subsequence. Hence the sequence is compact and 

this completes the proof. 

If, in addition, X and X* are stidctly convex, tb^ we 
have the following theorem {34] due to Ky Pan and Glicksberg: 

IheoroH 2 . 3 . 9 . If a normed linear space X and its conjugate 
space X* are E-spaces, then X ani X* are locally uniformly 
convex. 

Boaark 2-3 .10. Ihe Theorem 2.3-8 provides a sufficiait condition 

for a reflexive Banach space X to have the properly (vm), namely, 

that the space X should be strongly smooth. In olher vaords, X* 

should be an B-space. Ihe proof follows from the fact that 

f -► f and f (x ) = 1 = lim f (x ) = lim f (x ), where 
no 0^0 n''n' o'- a'’ 

X -*• » n -i- CO 

f ,f , X ,x are as defined in Iheorem 2.3*8. Six:h a space 
o’ n’ o^ n ^ 

need not have the property (m). 

Example 2.3*11. An example of a reflexive space vdiich has the property 
(m), but is not UFO. Let X = (l < p < »), and x be an arbitrary 
element in X. Denote 

X = (x^ , . . . ,x^, . . . ), x' = (OjX^, * . • ,x^, . . . ), and x*’ = (x^ ,0,x^, .. . ,x^. 
Now define a new norm llJ.lllinXby 

lllxjji = max (1 Ix’lip* ll4^'llp>. 

Prom ^ (j }x’} I + 1 jx"| } )_< j j lx| I j |x| j , it follows that 

C. p P P 

— ||x}j < Ijjxjlj ^ (|x|| hence Ihe norm ||j*j|| is equivalent 



to the s,^-noim- ffliat (x,|jj»|[|) is not strictly convex follows from 
the fact that if we take x = (1 ,1 ,0,0, . . . ) and y = (-1 ,1 ,0,0, . . . ), then 
I [ [x[ j 1 = = j I jyj I 1 and i 1 jx + y I I I =2, whereas j ^ Xx for any X > 0. 

Ihus X cannot be HJG. !Dd prove that X has 1±ie property (m), we take 
X, e X with lllxil] = 1, tli^lll <1 and tll^ + g^ll! -^2. 
definition of the new norm, j | |x + | } = max {j jx'+g^j j^, j jx*'+g^| j^}. 

Ihis requires two cases to be considered : 


(i) 

n^'+^iip > ! 

1 jx"+g'’ 1 1 for infinity of n, and 

(ii) 


1 jx"+^| jp for sufficiently large n 


Suppose that (i) holds. Since we are interested in extracting a 
convergent subsequence of {S^} j assume without loss of 

generality that (i) holds for all siifficiently large n. Ihus 
l{x’+g^j jp ->■ 2, which shows that j [x’ j = 1 » ^ J2'^-nona 

being (locally) uniformly convex, j|x’-g^|j^ ->-0, As the sequence of 
real numbers {g^(l ) } is bounded, it follows that the sequence is 

compact. Case (ii) is similar and hence the result follows. 

Example 2.3.12. An example of a nonreflexive space which has the property 
(m), but is not IITC . let X = sad x, x’, x" be as in the previous 
example. Let t t*! l-j ^® norm constructed by Day [70 ] . It is known 
that this norm is IDC. How enumerate the components of x in the order 
of nonincreasing absolute values, let (x(a ),x(a x(a ),...) be 
such an enumeration, and let x(l ) = x^ and x(2) = x^ fall at tdie n^^ and 
the position respectively. (Note "ttiat m^ and n^ may be infinite) 


Ih^a 



-f 


-f 


+ 


_ xCa-,) - 


n 


xCa ,) x(a 

I ^L_j2) ^ |2Em. ]2 + fj 

/o-l 


= a + B , Csay), 


and 


Ix’ll 


9 2 

2 = c . (I ° 1^ 


...) = a + 43 


If m > n , then 
o o’ 


ft I 1 2 I xfl) I 2 

s" L = a + ■ ■ -— + 


n 


some positive quantity ^ 


and if m < n , then 
o 0 ’ 


ljx"ll^= some positive quantity + j ■*■ '^2. 


fhus tUli^ = a + 8 ■*■ > a + 3 + 3 = j Mx’li^ 


and similarly | }xl t ^ 1 J I }x"l | J . 

Relations (2.3-6) and (2.3-7) togeHier imply Ihat 



(2.3.2) 

(2.3.3) 

(2.3.4) 

(2.3.5) 

* (2.3.6) 

(2.3.7) 


max 


{lu* lii, ltx”l!i> 12 


X 


1 * 


(2.3.8) 



''a+46+a+i-^~i-| ^+5006 positive ntaaber if BU>n 


o 0 ^ 


iforeover jlx‘}}^ + ]jx"l|^ 


ti i 1 2 ^ 


a+43+4g+|3iiil_|^+sonie positive nxnnber if 
n^-1 




J 


r a+6+ 


x(l)|2 . . 

—I If 

2 ° 


a+g+4l 


xCl) 

o^O 


if 0o ^ no. 


and hence jjx'j)^ + | |x'Vj ^a+g+ | = ]jx|]? . Ihus, if 

1 1 ‘ 


we define a newno.rm| H* j [ [ by 


! |xl 1 1 = inax {| ix» 11 1 Ix’Vl L } , 


j (lU'lli * Ik'lli) clU'lli+iU"lli)^ 1 lllxiii^ < 4 ||x1|2 , 

i-®- J-llxll, < lllxiil <2 llxllj . 

which shows that the two norms 1 j •] 1 ^ 111*111 equivalent. 

!Ehe proof that (X,] 1 1 *1 { 1 ) has the property (m) and is not njG 
is the same as in the previous example. 

Example 2.3.12. In example of a space which has the Efimov Stechkin 
property buc lacks the property (m). Iiet X = (l < p < »), and 

X be any arbitrary element in X. Define a' new norm in X by 


lllxlll = }x^} + llx'jjp , 



where x= (x^, x^, . . . ,x^, . . . ) and x' = (OjX^jX^ > • • • 5 • • • )• 

Clearly ! jxj | ! { |x| 1 j < 2{ jx] [ and hence the £^-norm is 

p — ' p 

equivalent to j j | . [ j j . Ib prove that X has the Efimov 
Stechkin property, we need only show that if satisfies the 
property (h). let x^,x^ e X, x^-^ x^, and IHx^lH -s- l||xolli. 
As weak convergence in £^(l<p<oo) implies pointwise 
convergence, this means that Xj,Cl) x^(l) and ljx^[|p ^ |}x^|i^. 

But the truncated sequence is weakly convergent to x^ 

since it is bounded and pointwise convergent. Xow,' because of 

the uniform convexity of the £^-noim, fix' - x'| f ->-0 and 

' ' n o' 'p 

hence j f I x^-* 1 1 0? showing that X has the property (h). 

1 

To show that X does not have the property (m), we take x = e^, 

g = e , ifihere e (m) = 6 , the Kronecker delta. Then f f fxf f |= 1 
^n n' n ^ ^ nm’ i 1 1 1 1 1 

= I 1 1^1 1 1 > 1 1 + Sq! i I = 2 , but the sequence {g^} has no 

convergent subsequence. 

We note that the norm ( f [• | | f is not strictly ccaavex and 
hence its dual norm is not smooth. As X has the Efimov Stechkin 
property, the dual norm has the property (s). 



GHAITER - III 


, OK PABIHESI POIIIS Off SETS 

5»1 IH monJC mow . one of the most interesting and hitherto 
unsolved problems in the approximation theory is the following: 

Problem 3.1.1- If every point of a noimed linear space X 

admits a unique farthest point in a given bounded set K, then 

* ' 

must K be a singleton? 

Ihis problem has been discussed by Klee [52] in connection 
with the convexity problem of a Chebyshev set in a Hilbert space. 
Partial answers to this problem have been provided by Asplund [3] > 
Blatter [8] , and Klee [ 52 ] . Klee [52] has considered the 
particular cases such as (i) K is a compact subset of a Banach 
space, (ii) K is a totally bounded subset of a strictly convex 
Banach space, and (iii) X is finite dimensional with a 
polyhedral unit cell. In each of these cases, he has shown 
that the solution to the above problem is in the affirmative. 
Asplund [3] has extended all these results of Klee in both f in ite 
and infinite dimensional situations. 3b this end, he has 
considered the following cases : 

(a) X is a finite dimensional Banach space with an unsymmetric 


norm 




(b) Bae nom in X is given by the maximum of a coiantable 
family of linear functions. In each of these cases, every 
nonaaply set K having unique farthest point properly is a 
singleton. It may be noted that the i^aces in (b) above are 
the only infinite dimensional Banach spaces, known till date, 
in vshich every nonempty set having unique farthest point 
property is a singleton. Bae latest development in this 
direction is possibly due to Blatter [8] , He has shown iiiat 
if the farthest point map associated with a set K in a Banach 
space X is continuous, then K must consist of a single point. 

Bae question of existence of farthest points in an 
arbitrary bounded and closed set has been treated by Asplund 
[2] and Bdelstein [25] . Edelstein [25] has shorn that in a 
uniformly convex Banach space X , every closed and boianded set 
K admits farthest points from points of a dense subset of X. 
Asplund [ 2 ] has extended this result replacing the laniform 
convexity assumption by reflexiviiy and local uniform convexity 
of the norm. 

Bae object of this chapter is to continue the study of 
existence and uniqueness of farthest points in a set. Ib this 
end, the notion of an M-compact set has been introduced and 
studied in detail. It turns out that such a set, when it has 
unique farthest point properly, supports a continuous farthest 
point map. Bae continiiity behavior of the farthest point map 



supported by an arbitrary set having unique farthest point properly 
is also investigated. linally, it is shoraa that in a normed 
linear space "admitting centres", every nonempty set having unique 
farthest point property is a sin^eton provided the farthest 
point map satisfies a mild continuity condition. 


3.2 Existence of ^Farthest Points . Let E be abounded subset 
of a normed linear space X. We shall denote by E„(x) the 
farthest distance of x s X from elements in K; that is, 

Eg.(x) = sup {| jx - y j j : y e K} . Ihe set of points in K at 
which Err(x) is attained will be denoted by q(x). !Iliis relation- 

jV 

ship between x in X and the set of points q(x) in K gives 
rise to a map q;X K which we shall call the farthest point 

map (or the anti-pro.iection operator ) supported by K. Every 
element of q(x) will be called a farthest point in K. She 
collection of all farthest points in K will be denoted by 
far(K). If q(x) contains at least (exactly) one element for 
each X £ X, then K is said to have farthest point property 
(unique farthest point property ). 


Proposition 3.2.1. Bie function 
satisfying a Idpschitz condition 
for all x,y e X. 


E is a convex function 
K. 

Ig;(x) - Fj^(y)j£||x-yj | , 


Proof : Bae convexity of the function follows from Ihe 


following inequalities: 



F^(AX+Ci-^)y)=ST:55 1 1 Ci-X)y-z j j strp ijx-z|[ + (l-X) stro {|y-z[ 
zeK zeY. zeK 

= X F,,,(x) + (l-X) F„(y), for all X vdth 0 < X < 1. 

i'-k. Iv ' — — 

lb prove the lipschitz property of 5L, take any element z in K. 

Then j |x-zj j £ | |x-yj | + | jy-z] 1 and hence ^ F^(x) £ j |x-y} j +Fg.(y). 
This proves the result. 

IiCTi m a 5.2.2. (Asplimd [2] ) Let K be a bounded subset of a 
Banach space X. Then there exists a dense subset B, which is 
the intersection of a countable family of open and dense subsets 
of X, with the property Ifaat every elaaent of 9Fg.(x), for x 
in E, is of unit norm. 

A slightly weaker form of Ihe following theorem has been 
proved by Asplund [2] , namely, vhen K is a boimded and closed 
subset of a reflexive, locally unifoimly convex Banaoh space. 

Theorem 3.2.3. Let K be either (a) a boimded, closed subset of 
a reflexive Banach space X with the property (m), or (b) a 
bounded, weakly sequentially closed subset of a reflexive Banach 
space X with the property (‘VM). Then the set L of all points 
in X that have farthest points in K is dense in X. Sforeover, 

X 'I'D is of the first category in X. 

Proof : First, let K be a bounded, closed subset of a reflexive 
Banach space X satisfying the properly (m). We shall prove that 



the set D, as described in 1±ie theorem, contains Ihe set E, 
where E is as in Lemma 3.2.2. This will prove the result 
because of the nature of E. 

Let y be an arbitrary element of E. Without loss of 
generality, we may assume that y = 6 , and = 1. Let 

X* e 8Pg.(e). Since X is reflexive, x* will attain its 
infimum on the unit sphere s(x) at some point x, say. Then 
from the definition of a subgradient, we have 

F,,(-x) ^ <-x-6,x*>, 

and hence 

1 = <-x,x*> < Fj,c-x) - F,,ce) < 1 i-x-e! ! = 1. 

This shows that Pg.(-x) = + 1=2 and hence the ball 

B[-x,2] is 1he smallest ball with cen'ore -x that contains K. 

So we may find z ^ K . such that 2 - ^ [ l-x-z i I ^ 2; 

that is, limj jx + z^l I =2, \shere ] |x| j =1 and j ] z^| 1^1- 
n -> 

Since X has the property (m), this shows that the sequence 
{z^} has a convergent subsequence. The set K being closed, any 
strong cluster point of the sequence ^ But, in 

view of lim j jx + z 1 1 = 2, such a cluster point is of unit nom. 

n -4- oo 

As P (e) = 1, it follows that all the cluster points of the 
K 

sequaice {z^} are farthest to e • This pmves the theorem. 



Now, in Older to prove (b), we observe fi*om (a) that 
because of the relation 2 - ^ j|x+Zj^|l ^ ilxH + jlznll ^2 

we may assume 1 |z^ j t = "I » t 1^1 1 = 1 lx + 1 1 2. Since 

!*-x,x*> = 1 and X has the property (W), it follows that 

<-z^ ,x*> 1 for some subsequence {z}of{z} . If z 

i 1 

is any weak cluster point of the sequence {z } , then <-z ,x*> = 

i 

Ihis together wilh 1 i z^ j j £ lim inf j j Zj^^ 1 1 = 1 > where z^, 

implies 1±iat I I z^j j =1. But K and K is weakly 

sequentially closed. Haace z^ e E and it is farthest to 6 . 
ihis proves the theorem. 

Ib flowing Mazur [ 63 ] , we shall say lhat a normed linear 

space X has the property (l) if every closed and bounded convex 
set in X can be represaited as the intersection of a family of 
closed balls. Bdelstein [25] has proved that in a uniformly 
convex Banach space X with the property (l) j the relation 
TO'(k) ='cF(far(K)) holds for every bounded and closed set K in 
X . Bae following is a generalization of this result. 

iheorem 3*2. 4. Bet K and X be as in Baeorem 3»2.3. lo. 

addition, let X have the properly (l). Baen co(k) = 
■co(far(K)). 

Proof : Since far (k) Cl K, it ibllows liiat eo(far(K)) Cl co^ 

jDo prove the reverse inclusion, suppose x ^ co(far(K))« !llxen, 
by the property (l), iiie3?e exists a closed ball 



B[cQ,r3 = {y e X : ! [y-c^j | 1 r) , 


where s x and r > 0, such that ro(far(K))C B [c^,r] but 
X i. B[c^,r] • A number a can now be chosen s-uch that 0 < a < 1 

and a| i > r • ^ Bieoim 3*2.3y there is an element 

c e X admitting a farthest point in K and satisfying the 
inequality 


c-c 


o 


I 

I 


< 



r. 


( 3 . 2.1 


If s e K is a farthest point from c, that is, if s e far(K), 
then 

l|s-cll < ils-Cpll + l!co-cll < !ls-Col! + a|U-Coil - r 


£ai|x-Co|l (since s e £arCK)Cl cc (3?.r(K)) C 3[c^,r]) 

§ 

which implies that I • is continiious 

and c can be taken arbitrarily close to c^. Bius ) Ji 

a] jx-c^ j ] and so 

l l z e K, 

that is, K OB [c^, ajjx-c^jj] aM hence coCK30 B[Go,a| |x-Cq| j]. 
But X jf B [c^, aj jx-c^ll] since 0 < a < 1, which diows lhat 
X ^ co(e). ahiis co'(k)o co(far(K)) and the proof is complete. 



3-3 M. Compact Sets , Consider a sequeixe {g }C1.K and an 
X e X such that |jx-g^j| -»■ i’g.(x). Such a sequence {^} 
will be called a maximizing sequence for x. 

Definition 3.3*1 • A set Kd X will be called M-compact (or - 
compact, see [8] ) if every maximizing sequence in K for any 
X e X is compact in K. 

Clearly, eveiy compact set is M-compact. lo show that 
the converse is not necessarily true, we observe from Iheorem 2.2.2 
that for any x / 6 in X and any sequence {g^}0 U(x) with 
|]x-g^l] -> 1 + llxjj , the sequence is conpact in U(x). 

Hius every maxinizing sequence in u(x) for any point x, other 
than the centre of the ball, is compact in U(x). However, this 
does not imply that the ball u(x) is M-compact, since the 
compactness of the maximizing sequaaces for x = 6 has not yet 
been resolved. It can be easily seai that imless the unit 
sphere is compact, the naximizing sequences for x = 6 may not be 
compact. How consider a point x^ f U(x) and the set 
K = {x^}’v_x''U(x). Since every maximizing sequence in K contains 

either ss a subsequence or a subsequence in u(x), it is 

clear that K is M-compact. A still more general type of 
M-compact sets can be obtained frcm the following proposition. 

Proposition 3.3.2. Let X be a reflexive Banach space having 
Ihe properly (m), aid let KO X be a compact set such that 



it intersects the complaaent of the ball U(x). Baen bo1±i 
U(x)iyK and co (u(x)VJK) are M-compact. 

Proof : Since every maximizing sequence in U(x)O E: has a 
subsequence either in U(x) or in E, Oheorem 2.2.2 togelher 
with 1he compactness of K implies that TJ(x)v_^'K is M-compact. 
In order to prove that co (u(x)\_yK) is M-compact, it is 
sufficient, in view of 

^ CUCX)WE) = ^ K) = coCUCX)v^S^ K) 

(by lemma 1.3.1 ), to consider the case for the set co(u(x)*Sw/'K), 
where K is compact convex. 

Let {g^}<l co(u(x)v^K) be a maximizing sequence for an 

element x in X. Ihen g can be written in the form 

®n 

ISl" 0 iA i and e K.. 

We can choose subsequences such that X X and k >> k . 

^ n. 0 n. o 

1 X 

Let j jx-g^jl ->dj say, Ohen 

d < X lim inf j ! 1 ^ ® t 

— ^ i ^ CO i 

_< lim sup 1 U-Zjj 1 1 + ! Ix-kpl 1 

i ^ oo i 

j< d. 

We have now three cases to consider, llrst, if 0 < X^ 1 j 

then I jx-z j j d, j {x-k^( j =d, and d = 1 + j j xl I . Clearly, 

' "1 , 

in this case x 6 . fhe sequence { } being a maximizing 

i 



sequence in U(x) is compact. Ihis shows that the sequence 

is compact. In the case when X = 0, k is a strong 

n o o 

cluster point of { g^} . linally, vshen x = 1j {z } is a 

i 

maximizing sequence in U(x) for x and hence is compact. Ihus 
the sequence { g^} is also compact. Ibis shows that in each 
case {g^} is compact. Hiis proves the result. 

We shall now study some properties of M-compact sets. 

Proposition 3«3.3* Every M-compact set has farthest point property. 

Proof ; Diis follows immediately from the definition of an M-compact 
set. 

Proposition 3.3.4. ilie closure of an M-compact set is M-compact 
Proof : Let K be an M-compact set in a normed linear space X, 
and let {g^}C. K , x e X, and j [x-g^j [ 1^ (x). Since 

KC B[x,Eg.(x)] implies K C Bfx,Eg.(x)] , Eg-(x) = E-(x). Ibr each 
n, an element ^ can be so chosen that !lg^~gja'lh n » 
and since 

I IU-g„ll - l|x-gill I illg„-4ll . (3-3-1) 

the sequence {g^) is a maximizing sequaace in K for the 
element x. As K is M-compact, this shows that the sequence 
{gV} is ccmpact in K. However, the sequemes {g^} and {g^} 
have the same set of cluster points, Hoace {g^} is compact in 
K and tiais ccmpletes the proof. 



Example 3-3.5. We give an example of an M-compact set v±dch is 


not closed. Let K be an open sqioare together "with its four 

2 

extreme points in the two diemnsional Euclidean space E . Since 
the farthest points in K are the four extreme points, K is 
M-compact. However, K is not a closed set. 


Proposition 3 *3 .6. Let X be a noimed linear space having the 
property (m), and let K be an M-compact set consisting of more 
than one element. !Ihen the set K^= K + aU(x), a > 0, is also 
M-compact. 


Proof. Let x e X and y be any elanent in K_. iOioa y can 

' Q. 

be written in the form y = u + av, vrfiere u e K and v e U(x). 

In computing the value of E (x) we see that 

K 

O' 

t Ix-yi i Ix-ul I + a 1 ivj 1 < Fj.(x) + a, 

and hence E^. (x) £Eg(x) + a. If z e K is farthest to x (note 
a 

that K has farthest point properly), then z+a j-f e K and 

Z“"X] » 


z-x 

1 |x-z-a — 1 1 = ! U-zl I + a = FgCx) + a. 

1 1 z-x| 1 

Hence (x) = E^(x) + a. Kow, let {^}C be a maximizing 

a 

sequence for an element x s X; i.e. , 


|x-gj,J 1 ^ Fj.Cx) + a 


(3.3.2) 


Expressing g in the form S “ ^ + e- ®ee 14ia.t 

JG. ^ ^ 



Fj^(x) + a = lim Itx-gjjH jf. lim inf iIx-%11 + a 

n 1^ CO 

^ lim si:^^ 1 lx--Uj^l ] + a -< Fj^Cx) + a, 

n “> 00 

Ihis shows that j|x-u |j E„(x). But then, by the M-compactness 

n ix 

of K, there exists a subsequence {u } of {u } such that 

i 

u u , u £ K, Therefore, 
n. o^ 0 ^ ^ 

1 

liia 1 Ix-u^ -a j j = lim j j (x-u^) - a 1 1 =i jx-n 1 j + a; 
i i i-)-<» i 

that is, 

lim 1 1 ^ (x-u ) - 11 =1+7 1 U-u 1 1 . (3.3.3) 

As K consists of more them one element, }jxHi^ll = ^ Q, 

and hence, applying Iheorem 2.2.2, we see that {v^ } is compact 

i 

in U(x). 3his shows that the sequence {g^} is compact in K^. 
Hence the proof is complete. 

Proposition 3.3.7. [8] Ihe farthest point map supported by an 
M-compact set is upper semi-continuous. 

Proof : let K be an M-compact set and q;X K be the 

associated farthest point map. let x be any point of X. 

We will show that q is upper send-continuous (u.s.c.) at x. 
Consider any open set W containing the set q(x). let 

M= {z e X : qCz)C W}. - 



Our assertion will be valid if we show that M is an open set. 

Ob this end we take a sequence { in X such -Qiat z^, 

where z^ is any element of M, and show that { is eventually 

in M. Suppose that it is not true; then there exists a 

V c c 

subsequence {z } of {z } such that q(z )r\W where W 

i X 

c 

denotes the complement of W in X. let y^ e q(z )/AW , then 

i i 


z - y = ) » 

n. '^n. ' ' n. * 

11 1 


and since 


\ 1 ^n 1 1 1 1 ll^n ~ ^o!l » 

i i i i 


that j jz^- I 1 {y^ } is a maximizing sequence 

1 1 

in K for the element z^ and, by the M-compactness of the 
set K, it has a convergent subsequence. Suppose that y^ is 


a cluster point of the sequence {y } . Ihen y^ e < 1 ( 2 ^) and 

i ^ 

since ^ is closed, y is also in W . Ihis shows that 


Y e q(z ) and hence z jt M« Siis contradicts the fact 
*^0 0 0 

that z e M and hence the proof is complete. 

0 


Example 3. 3 #8. We give an example of a set viiich supports a u.s.c 
farthest point map, but is not M-compact. 3b this md consider 
the unit ball U(x) of a noimed linear space X which satisfies 
the property (m). Clearly, U(x) is not M-compact, but we will 
show that the farthest point mp q:X -y U(x) is u.s.c. 
let X e X and W be an open set containing q(x). Demte 

M = {z e X : qCz)'CLW} • 



It is required to show that M is open. If e e M, then because 
of q(9) = S(x), M = X and hence M is open. If e ^ M, then 
the proof is similar to that of Proposition 3.3.7, since every 
maximizing sequence in U(x) for an element x 6 is compact 
in U(x). Ohis completes the proof. 

Definition 3.3.9. A centre (or Ohebyshev centre) of a bounded, 

nonempty set K in a normed linear space X is an element 

X e X for which Dg.(x ) = inf sup | |x-y[ | . Hie nmber 

xeXyeK 

) is called the Chebysher radius of K and is denoted by 

r(K). 

Clearly, r(K) is the radius of the smallest ball in X (if one 
exists) which contains the set K. Ihe collection of the centres 
of all such balls is denoted by E(k). A n.a.s.c. for x^ to 
belong to E(k) is that 6 e )* Ifowever, the determina- 

ix O 

tion of such an element x^ always depends on our ability to 
subdifferentiate the function Eg.. 

In the following theorem, a formula for the subdifferential 
of the function E.., where K is an M-compact set, at a point 
X in X is obtained. Such a formula for the subdifferential 
at a point of a function f equal to the supremum of a family of 
CO nT ex functions f^ f ranging over a compact set Q , has been 
given by Valadier [76 ] > Olie same for viiere E is a 

compact set, hks been observed by Holmes [5BfP* 182| • 



Ihe first part of the proof of the following theorem is 
more or less the same as in [38, p. 179] . 

Iheorem 3»3.10. Let X be a normed linear space, K an 
M-compact set and x e X. Let f (x) = | lx-y| [ . Ilhen 

85’g(Xo) = weak*-closed convex hull of {3fy(x^ ):y e q(x^)} 

= weak* closed convex hull of^-Jfiij e S(X*) : = 

F (x ), for some y e K) (3 *3 •4) 

0 

Proof : fhe function P,,(x) is li-pschitzian and is a proper 

" " ■■ ■ K. 

convex function on X. Hence, by theorem 1.5.4, it is sub- 
differentiable at every point of X. Forming difference quotients, 
we see that 

F„Cx +tx)-Fj,Cx ) !!xq+ tx-ylt - llx -yll - 

-±_ — -1 > — - — ,£or y e q(x^) and t > 0* 

t t ^ 


Since both of 'F and the norm are conTex functions, each of 
K 

than has a right directional derivative (by Bieorem 1.4.1 ) ard 
hence on passing to the limit t -^ + 0 

FyxQ;x) ^ fyXo;x) , for all y e qCxp, x e X. (5.3.5) 

From Remark 1.5.2 (b) it follows that every subgradient of f^ 
at x^ is also a subgradient of Fg. at x^ and hence 



for all y e qCx^) 


(3.5.6) 


and therefore, Ihe inclusion from ri^t to left in (3.3.4) is valid 



In order to prove the reverse inclusion, it is sufficient, 

in view of Strong Separation Iheorem (Hieorem to show 

that any weak* closed half-space containing (x^) :y e qCXp)} 

(and hence its weak* closed convex hull) must also contain 9Ilr(x ). 

il o 

Ihat is, if for some z s X we have 

<z,Tp> £ X £ 3£yCXo) and \ry e qCx^^), 

then the same inequality also holds for every iJje 9I'g.(x^). Using 
MoreaMdPshenichnii formula (iheorem 1.5*5 ), this amounts to 
showing that 

sun f (Xq^z) £ X 
implies — 

Oius it will suffice to show that for any fixed z e X, there 
an index y^ e q(x^ ) such that 

F^CXq;z) ££^^Cx^;z) 

Bie relations (3.3*5) and (3.3.7) together will imply that 


is 


(3.3.7) 


F^CXqJz) = max {f^(Xj 5 ;z) ; y e qCx^j)} (3.3.8) 

Any sequence {^} wi1±t e n ^ maximizing 

sequence in K for the point x^ and, by 1he M-compactness 
of K, contains a subsequence converging to some element y^ 
of q(x^ ). Without any loss of goaeralily, we may assume Ihat 
g ^ y . Ihen by Oheorem 1.4.1 and Ronark 1.4.2, 



f;,CXo;z) < 






I 1 I 

l^c ^ - Snl 


- 'IV^o! 


1_ 

n 


1^ 

n 


1^0 - Snli - 11^0 - grJ 


1_ 

n 


, for n > 1. 


If is a sub gradient of the norm at x^+ ^ z - then 


1 

'o n 


(3.3 .9) 


- 2nll r 11*0 * ^ ^ - Sr. 




(3.3.10) 


where 


4>n(Xo + I z - gj^) = Mxq + ^ z - gj^ll, and lUnI i = 1 (3.3.11) 
X = [x - y^jZ ] , the closed linear span of x -y and z. 

O u O 0 O 

Since \$^(z)t;^ lUll , it can be assumed that {({)^(z)} is 
convergent. Also we see that 


n 


lim 4>n(Xo + - z - gjj) = lim \CxQ-y^) = 


n -»- 




Ihus we can define a bounded linear functional A on X by 

the relation A (x) = lim <Ji„(x) for all x e X^. It is clear 
^0 Z1 o 

n ^ C3 

■t^at I \^J 1^ = 1 and <^q(x^- y^) = | jx^- jJ | . Extend 
0 

by Hahn Banach theoran, to 1he whole of X with preservation 


of the norm. Clearly liien (ji^ is a subgradient of the norm at 
x^-y^. How, from (3.3.9) and (3.5.10), we obtain 



F^(Xq;z) ^ <j)^Cz) , for all n ^ 1 


aM hence F^^^Cx^jz) ■< c^^Cz) 


(3.3-12) 


1 i ■" r 1 1 1 1 V^'ol I k 


and hence F’ (x ;z3 < lim 

n 


= Ifn 

TJ, - «0 


1 V'"o ~ zi 




3_ 

n - fy^tXo) 

T 

n 


f; (x^;z) 

■^o 


(3.3.13) 


Diis establishes (3-3-7) and the proof is complete. 

Example 5-3-11. The foimula (3-3-4) may also hold ev^ if K 
is not M-compact. An example of svch a set is the unit ball 
u(x) of a noimed linear space X vdiich has the property (m). 
In view of Theorem 2.2.2, we need only check the case when 
x^= e - Taking ^ ~ ~ 2 /] jz| ] for all n, we see that * 
q( z) and 


p;Ce;z) < 


- Z + 1 

n — 

n 

rl 1 - i 

XI 

1?. 

u 



1 WlUljt^ - ^-^/lUII 


( 6 ) 


n 


where K = U(x). Daus, on taking the limit, we get F^(6;z) 4s 




5.4 local Continuity Behavior of the Ih.rthest Itoint Iilap . 

In this section we shall consider the local contintaity behavior 




of the farthest point map and seme of its consequer| 2 es. | .I.T. Ki^FUR 

CEHlKAL^jJBR^ 


Acc, No. 


mtm 





Iheorgn 3.4.1. Let X be a reflexive Banach space having the 
property (m), and let K be any boxinded and closed subset of X. 
Ihen -there exists a subset G dense in X su;h Ihat 

(a) if X e G, then every maxiinizing sequence in K for x Is 
compact in K, and 

(b) the farthest point map q restricted to G is upper semi- 
continuous * 

Proof : ly Iheorem 3-2. 3> there exists a sidjset D dmse in 

X such "that every point x e D admits atleast one farthest 
point in K. If yeq(x), then every point of the half ray 
{Xx + (1-X)yi X > 1} admits y as a farthest point in K, because 

B[Xx + Cl-X)y, Xl Ix-yl 1 ] 3B[x,I ix-y! 1 ], 

and y is a common point to the boundaries of both these balls. 
Since D is dense in X, so also is the set G, the union of all 
half rays of the ferm {Xx+(l-X)y: x > 1}, where x e D and 
y e q(x). Iforeover, as a consequence of Iheorem 2.2.2, every 
maximizing sequence in B[x,Pg.(x)] for an elanent 

Xx+(l-X)y,X > l) is compact in B[x,Pg.(x)] . Since K is a 
closed subset of B[x,Fg(x)3 , and y in K is farthest to 
Xx+(l-X)y, this is also true for {g^^} in the set K. Bius 
(a) follows. Ib prove that qj^ is u.s.c,, take x e G and 
any open set W then consider the set 

M » G/3{z £ X : q(z) cm » {Z e G : q(z) C W). 



Following the argument givaa in Proposition 3«5«T» it can be 
easily seen that M is open in G. Hiis proves the upper 
semi-continuity of q at x and hence (b) follows. 

Theoron 3.4.2. Let X be a locally uniformly convex Banach space, 
and let K be a subset of X having unique farthest point 
property. Ihen the farthest point map supported by K is 
continuous on a dense subset of X. 

Proof ; Let q;X K be the farthest point map supported by K. 

:^y assumption it is singlevalued map. Now consider the set 

G = {Xx + (l-x)q(x) : X > 1 } . Clearly G is a dense 

X E X 

subset of X. Corollaiy 2.2.3, eveiy maximizsing sequence 
{g for the element Xx + (l“X)q(x),X > 1 

converges to q(x). !lliis is also true if K and hence if 

we take x^ -> Xx + (l-X)q(x), Ibsi {q(x^)} is a 

maximizing sequerce in K for Xx + (l- X) q(x) and <i(x^) q(x). 

But q(x) e K is farthest to Xx + (l-x)q(x), X > 1 and hence 
the result follows: 

ilheorem 3.4.3. Let X be a reflexive locally uniformly coavex 
Banach space and let K be a bounded, closed set of X. If 
is Frechet differentiable in a nei^bourhood N^ of x, then the 
restric -felon of the farlhest point map to N^ is singlevalued and 
continuous. 

Proof : % Lemma 3.2.2, | |f^(z) j | = 1 on a subset dense in 



and then the continuily of the Itechet deriTatiire of the coirrex 
function implies that j|P^(z)]j = 1 on the v?hole of 

Proceeding as in lllieorem 5.2.3» we see that eveiy point 2 in 
admits a farthest point in K, 

[Do prove Ihe uniqueness of the farthest point we take any 
y in q(z), where z e and set 


b(z y) s , and D(v) = {4> e S(X*) : 4i(v) » 1} , (3»4*l) 

FkCz) 

for V e S CX) . 

If (}i eD(b(z,y)), then Kz-y) * hence for w e X, 

F Cz) = (!)Cz-w+v7-y) < llw-yll + <|>Cz-w) < F^Cw) + ^Cz-w}, 

K 


that is, Fj,(w) ^ FjrCz) + 


(3.4.2) 


Ohis gives <j) e 8Eg.(z) = F^Cz) and hence D(b(z,y)) = F|(z) for 
all y e q(z). Bnis the linear functional Pg(z) supports the 
unit sphere at the points h(z,y),y e q(z). As X is strictly 

convex, this is possible only vdien b(z,y) does not depend on y, 
that is, q is singlevalued in 


Now let {x^yc: aod x^ x^ wilh x^ e 


N 


[Qi^ 


f’(x ) -^ PlCx ). We shall now denote b{z) = ^ 
x'‘ n^ K'' o' 

z e N • Bam 

X 

2 s lim F* (x^) (b(Xj^)+bCx^)) ;< liia I (^(^) ^ bCx^)!!^ 

lim sup libCXyj^) b(x^)l{ £2, 


n 



and henc<? | jb(x^) + b(x^ )}j -»■ 2. the local uniform. oon'vexiV 

of the nom b(x^) is, q(x^) -»• q(Xj)* 5his provas 

the theorem. 

theorem 3.4.4. let X be a smooth normed linear space, and let K 
be a subset of X having unique farthest point property. Biai at 
a point X of continuity of the farthest point map, the function 
F is Gateaux differentiable and the derivative P*(xjz) = 
G(x-q(x);z), for all z e X. 

Proof : Jbr z c X and t e R, it follows, in view of g{x;x) * 

1 jxj 1 and G(x;y) ^ 1 lyl 1 for all x / e and y e X, that 

j Ix-qCx+tz) j 1 ^ 1 Ix+tz-qCx+tz) ( 1 + G(x+t 2 -.q(x+tz) ;-tz) , 

that is, 

F„(x+tz) < F„(x) + GCx+t 2 -q(x+tz) ; tz). (3.4.3) 

K — K 

By interchanging x and x+tz, we get, similarly 
Fj,(x) < Fj,Cx+tz) + GCx-q(x) ; -tz) , 

that is, 

Fjj(x+tz) > Fj,Cx) + GCx-qCx); tz) (3.4.4) 

As the G-dciivatiTe of the nona is iK>OT--to--weak* continuous [71 # 
lettiiig t Of we obtain froia (3*4»5 ) Q-od (5’*4#4) 

F?,(x;z) * G(x-q(x);2), z c X, 



where P^Cxjz) = F£(x)(z), the valxie of Pj^(x) at z. Hmce -aie 
theorem is proved. 

If the Space X is oot necessarily smooth, then is 

still differentiable in the direction of a certain vector z (see 
also [8] ). Ihis is shown in the following theoron. 

Iheorem 3«4.5. let X he a normed linear space, and let E be 

a subset of X having unique farthest point property. Ohen at 

a point X of continuity of the farthest point map 

F,,(x + t(x-q(x))) - F„Cx) 
lim ^ = F Cx) 

t -»■ 0 t 

Proof ; Let {t^} be sequence of positive numbers converging to 
zero. Ihen for z e X 

1 |x-q(x+tj^z)ll > 1)x+tj^2 - qCx+tj^z)jl - 

where 

(^^(x+tj^z-q(x+tjjZ3) = 1 !x+tjjZ-q(x+tjjZ)||, and = 1- 

Hie relation (3*4.5) yields 

Vx+V) < Fj.CxD + 4>n(z) *- 

Py interchanging x and x + similarly 

FjjCx+tjjZ) > Fj^Cx) + tjj 4.*(z). 


(3.4.5) 


(3.4.6) 


(3.4.7) 


(3.4.8) 


where 



^^(x-qCx)) 


|3C-qCx)t }, and \ \^^\ [ = 1 


(3.4.9) 


Prom 


Uj,Cx+V - qCx+V)) - ^„Cx-q(x))l < llt^zli + ] |qCx+t^z) - q(x) 1 j , 

and because of continuily of q, it follows that (})^(x-q(x)) 
!ix-q(x)|| . Ohe relations (3.4.7) and (5.4.8) yield 

^ ” ^j'Cx) 


4>'(z) 
n ^ 




1 ^n^^) 

ii 


Now taking z = x-q(x), we obtain from liie above 


lim 

tj^ -»• +0 




■ \W' 


It can be easily seen that the same result holds if we take t^ 
negative. Moreover, being arbitraiy, we obtain iiie 

required result. Biis proves the theorem. 

Theorem 3.4.6. let X be a locally uniformly convex Banach 

space, and let K<1.X have unique farthest point property. If 

X E X is a point of continuity of the farthest point q:X K, 
o 

then every maximizing sequence in K for converges to q(x^). 

Proof: let {g^yCK and l lx^-g^jl-^ :^y Hahn Banach 

theorem, there exists a ^ S(x*) such that 


\Cx^,-gn) » lixo-gnll 


(3.4.10) 


let t^ = Pg.(x^ ) - j jx^- i and <0. le c^'assiaae that 



necessaiy^ by passing onto a subsequence# 

’'KtVt„C>'o-qCx„))) > I U^+t^Cx^-q(x„)) . ^11 


> llv^nll * ^ (5.4.10)) 


J. 


that is. 








l“^n h^V- 


(3.4, 


Now applying Bieorem 3.4.5, we obtain lim t|) (x -q(x ))=F^(x ). 

no o o 

n ^ CO 

Set 


^o-% 


n 


and z 


o '^Tl- 


Xo-qCx^) 


Bien 2 = lim 1 I I 1 1 

Jl ^ CO n-^co 

and hence j jz^+ z] | ->*2. lEy the local uniform caavexity of 

the norm, z -> z and this implies that g q(x ). Hence 
n n o 

the theorem is proved. 

3.5 A Special Case of the Unsolv^ Problem . We have already 
mentioned that the Problem 3*1 been solved in the particul^ 

case when the farthest point map is continuous. As can be easily 
seen^ this includes the case of M**compact sets having unique 
farthest point property. We shall ik^w consider a special case 



of tho Piobleci 3*1 *1 ^ich will also include M— compacl; sets* In 
order to bring a larger class of sets than the class of M-oompact 
sets uMer the purview of this special case, we introdiK^e below 
a weaker fonn of upper S0]ii-<Jontinuity for the setvalued farthest 
point map. 

Def xnxtion 3* 5*1^ Ihe setvalued farthest point map qtX^ K 

is said to be Inner Radially Upper Semi-continuous (IHJ) at 

€ X if, for each v e q(x ) and an open set W3g(x ), 

there exists a nei^bourhood N of x sueh that W:^q(x) for 

0 

every x e N {v^+ X(x -v ): 0 < X < 1 } . 2he map q is 

0 

said to be IRU on X if it is IRU at every point of X. 

We shall say tbat a normed linear space "admits- centres" 
if for every bounded, nonemp-ty set K of X, the set E(k), 
defined in Section 3» is nonempty. It is knorai 1iiat [38] all 
conjugate Banach spaces, the space Ii’(y) of absolutely integrable 

functions and the space C„(q) of realvalued, bounded continuom 

jR 

functions, where Q is paracompact, admit centres# 

Theorem 3.5.2. Let X be a normed linear space admitting centres, 
and let K be a nonempty subset of X having unique farthest 
point properly. If the farthest point map q:X is lEU 
continwus on K+r(K)u(x), then K consists of a sin^e point# 

Proof ; Suppose that K is not a singleton. We m^ as^me 


that 6 e e(K)* Then as K has uni (}ie farthest point propertiT, 



of the Problem 3*1 *1 will also include M-compaet sets. In 

order to bring a larger class of sets than the class of M-compact 
sets under the purview of this special case, we introduce below 
a weaker foim of upper semi -continuity for the setvalued farthest 
point map. 

Definition 3. 5*1* 2he setvalued farthest point map K 

is said to be Inner Radially Upper Semi-continuous (ISJ) at 

e X if, for each v^ e an open set 

there exists a nei^bouihood N of x such that W q(x) for 

o 

every x e U /'~V {v + X(x — v )i 0 •< X < 1 } . Bie map q is 
o 

said to be IHU on X if it is IRU at every point of X. 

We shall say tbat a normed linear space "admits* centres" 
if for every bounded, nonempty set K of X, the set E(k), 
defined in Section 3, is nonempty. It is known that [38} all 
conjugate Banach spaces, the space L’(y) of absolutely integrable 
functions and the space C (q) of realvalued, bounded continuous 

Xl 

functions, where Q is paracompact, admit centres, 

Qheorem 3.5.2. let X be a normed linear space admitting centres, 
and let K be a nonempty subset of X having unique farthest 
point properly. If the farthest point map q:X ->*E is IHJ 
continuous on K-t*r(K)u(x), then K consists of a sin^e point. 

Proof : Suppose that K is not a singleton. We m^ assume 


that e e e(K). Then as K has unique farthest point properly. 




lim = lira (3.5.4), 

-V* «o ^ CO 

lim 4 >j^CXq) ^ C and 
n -»- " 

this gives a contradiction since | ] x^j ] = 1. 

Remark 3.5.3. Oie proof given above differs from that of 
Baltter's ( [ 8] , ttieoreni 2 and 4) in tuo respects. First, X 
need not be complete (piovided there exists an incomplete 


jaormed linear space admitting centres) and secondly, the pTOof 
does not depend on tlie axiom of choice. 


3»5.4. Let Z be a nonaapty M-compact set of a 
noimed linear space X admitting centres. If K has tinique 
farthest point properly, -then it consists of a sin^e point. 

Proof: Ihe result follows from Baeorem 3.5.2 since K supports 

a continuous farthest point map. 



GH&PEEE - I? 


■&££BOXIMATI?B COigACISjrESS Am) GOHIlffiJI!!!? OP MBSBIG PKOJEGSEOgS 

4*1 Introdiastion . ae concept of approximative compactness of a 
set has been introduced by Efimov and Stechkin in [33] • It is 
knowi liiat every boundedly compact set in a normed linear space and 
every weakly sequentially closed set in a miformly convex Banach 
space are approximatively compact [33 ] • Singer [71 ] has charact- 
erized those spaces ■yidaich share this property of uniformly convex 
Banach spaces. In the same paper, it is proved that an approxi- 
matively compact Ghebyshev set supports a continuous metric projection 
In 1±ie present chapter, we show that thou^, in general, the 
continuity of the metric projection does not imply the approximative 
compactness of the supporting set, it does so in the setting of a 
space with the property (m). It is also shovaa that in a space X 
with the property (m), the netric projeetLon supported by a 
Ghebyshev set is continuous on a subset dense in X . 

4.2 Approximative Gompactness and Continuity of Metric Projections . 

We now prove the equivalmee of the notions of approximative 
compactness of a set and the continuity of the associated metarf-c 
projection in a space wilh the properly (m). 

theorem 4.2.1 . let K be a Ghebyshev subset of a normed lineeir 
space X having the property (m). Bien K is approximatively 
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compact if and only if the metiic proj ection is contirHious. 

JK. 

ibr Ihe proof of the theoi«m we need the followang lemma due 
to Vlasov ( [ 79] f Lemma 1 ), a proof of vdiich is given below. 

Lemma 4.2.2. Let X be a noimed linear space, and let K be a 
Chebyshev subset of X. If x e X is a point of continuily of 
the metric projection P^., then 

d„Cx + tCx - PyCx))) - drrCx) 

Urn -i i i— - df^Cx) , 

t 0 t 

Tfdiere d^C^) *= inf {l|x-ylj ; y e K) . 

Let 2 e X and t e R, Ihere exists a ^ S(x*) such that 

^tCx-PjjCx + tz)) = jjx - Pj,(x + tz)i 1 (4.2.1) 

Ohen j lx + tz - Pj^Cx + tz) j 1 ^ } jx - P^Cx + tz) 1 ] + 

^djx(x) + <}>tCtz), 

so that dg(x + tz) - djj-Cx) (4-2.2) 

Similarly, a 4 ' e S(x*) can be chosen so that 

(js^Cx + tz - PrCx}) = llx + tz - Pj-(x)j!, (4.2.3) 

and •fiiis implies that 

llx - Pj.Cx)|l ^ llx + tz - Pj,(x)}! - <S)l.Ctz) 

^ dj,Cx + tz) - 4^Ctz), 
and hence dj^Cx + tz) - dj^Cx) ^ ^^(tz). 


(4.2.4) 



Prcaa 


[fj-Cx-Pj^Cx+tz)) - ^^(x-Pj^Cx)) } £ I jPjjCx+tz) - Pjf(x)jj, 

|<j)^(x+tz-Pj.(x)) - <J>^Cx-.Pj,Cx)){ ^ jt| • {fzll , 

and the continuity of x, it follows that 

lim 4>+.(x - PvCx)) = lix - PjrCx)il = lira 4>! (x-P„(x)3 , 
t-»-0 ^ 

!Ihus taking z = x-Pg(x), we obtain from (4.2.2) and (4.2.4) the 

required result. 

Iroof of ilheorem 4.2.1. Let {g^}C x e X 'u K and 

I ]x - I -► dg(z). Suppose that 1^. is continuous. Setting 

^n * » we see that t^^ 0 throu^ mn- 

negatire values. We can assiane without any loss of generality 
that > 0 t>y passing to a subsequence, if necessary. Choose 
e S(X*) such that 


^ 1 U+tnCx-P^Cx))-gj.J i, (4.2.5) 

and then it follows that 

llx-gnll 1 1 jx+tj^Cx-P^Cx)) - gnli - tn 4n(x-PKCx)) 

^ dj.(x+tj^Cx-PjjCx3)) - (x - Pj^Cx)). 


fhus 


+ dj,(x) ^ dj,Cx + tjjCx-P|r(x))) - tjj 4j^(x - Pj.(x)), 


that is, — ^ tjj + <{|jj(x - P|r(x)) 


% 


j< tjj + I I x-P|iCx) I I 


(4.2.6) 



Applying lemma 4.2.2 to (4.2.6), we see that lim ^ (x- P„(x)) * 

H iv , 

} lx - lg(x)l ( .Set 

x+tjj(x-PK(x)) - gp x-PkCx) 

■ 2' — -T — ■ I I 3Il(i Z — - . - - -- 

® } {x+tn(x-Pj,Cx)) - gn!l l!x-PjrCx)ll 

Ihen 2 = lim ^ lira inf | jz^^+zf! ^ lim siq? Ijz^^+zj j ^ 2 , 

l^->>co ji -y CO 

and hence I zll 2* Since X has the property (m), the 
sequence 'f z^} has a convergent subsequence. Mcreover, It 
follows from 

I llx + tn(x-Pg(x)) - gj^ll - ilx-gjjil 1 < l[x-Pj,(x))i 

that' 1 ]x + t^(x - Pg.(x))-g^j l^dg. ( X ) , where x e X K. 

Ibis shows that {g^} has a convergent subsequence. 

!Ihe converse is well-knowi and holds even in a metric space 
setting (see L 71 3 ). 

!Ihe following example shows that, in general, continuily of 
the metric projection does not imply that the Ohebyshev set is 
appro ximatively compact. 

Example 4.2,3. let X* be the dual space of tiae Banach space 

constructed by Klee ( [ 53 ] , see also Proposition 2.1.4) by 

2 

suitably renoming 2, . Ihe norm in X has Ibe properly ttet 
it is Gateaux smooth and is Erechet smooth except at two points. 
Hius X* is a reflexive, strictly convex Banach space lacking 




the property (h)» since ctiierwise X woiild ‘be strongly smooth. 

In other words, X* does not satis^ the Efimov Stechkin property* 

By !Qieorem 2.1.1, X* contains a closed hyperplane K which is 
not approxtmatively compact. Ifowever, in view of the reflexivity 
and the strict convexity of X*, the hyperplane K is a 
Chebyshev set. ly a result of lambert (see Hslmes [38] , page 165), 
every Chebyshev subspace in X* supports a continuous metric 
projection. Ihus the hyperplane K supports a continuous metiic 
projection, but is not approximatively compact. Hie space X*, of 
course, lacks the properly (m) in as much as it lacks the property (h) 
(see IheoraE 2.3.1 ). 

Ihe above example shows that there is a need to characterize 
spaces in which every proximal convex set and, more generally, 
every proximal sun is approximatively compact. It may be noted 
that sun is a generali 2 ation of a convex set. Eurther, various 
generalizations of a sun have also been known (see chapter 1 ). 

It has been already mentioned that (see Remark 1.6.1 ) in a Banach 
space X with the property (m), the concepts of 
suns are the same. It is our objective to consider such type 
of suns and the following theosrem will diow Ihat spaces with the 
property (m) provide a nice setting in dealing with such type 
of problems. 

Hieorem 4.2.4. In a normed linear space with Ihe property (m), 
every proximal a ^ -sun is approximative ly compact. 



Proof : let E be a proximal a^-sun (see 1.6, Chapter 1 ), 

and let x e X E. Choose a sequence {e^} of real numbers 

such that e > 0 and e -»■ 0. from the definition of an a.- 
n n i 

sun, there exists a halfray with vertex x ani depaadxng 

on e » such that 
n 

d„Cz) > jlz-xll + d,,(x) - e„, for all z e 2.^. 

li II A 

Let z be the element in £ such that j | z -xl ! = d^(x). 
n X n iL 

[ffisen we obtain 

dj,(Zj^) ^ 2d^Cx) - Ej,, for each n. 


Let x’ be any element of Pg.(x)j then dj^(zj^) 1. 1 1 2^“^’ ! 1 i 2dg.(x). 
Ihus we have 


lim dj^CZj^) = lira IjZj^-x’H = 2dj,Cx}. (4.2.7) 


Ihis shows that 

dj^(x) = 1 } X - X 

z ~x 


z - X X - X* 

+ d;^ 1 1 2, where 1 1 z^-xj j = 

. As X has the property (m), the sequence 


^^}is compact; that is, the sequence {z^ 
subsequence. Without any loss of generality, 
^n ^o* I ! V dj^(x). 

Let {%>C K and j jx - I d^(x). 
= (1 |x - g^l 1“ dj.(x)); then clearly 0 


} has a convergent 
we assume that 


Sippose tiiat 
as n . 


If is a subgradient of tt« norm at z^- g^, 


th«i 



\ t lUnll = 1 = nzn“%ll 

(4.2.8) 


Irom this we obtain 


t„ ■*. dj,Cx) > dj,(Zjj) + 9nCx-z^), 

that is, d^(z^_) 1 1 ■" 1!V^{ 

= t^ + 2 djfCx), 


and hence 41 (z ~x) - 9 - d^(x). As z ->. z , this shows that 
n n iv no 

♦n'V 


How, 


Zq-X 


Z — Z —X 

^ ^ n ^ ^ 

2 = iim 4y^C"" + 

' HVgnM ilv^li ~ n->co "\\z^-g^\[ Hv* 


Zji** 

-3 < Iim inf 1 1 — — + 


_ . II “o 

< lim sun — — + 


-X 


< 2 , 


. n -^ «> 


whence 


V % 


z “ g 
n ®n' 


v^n ii^o-^ii 

2 as n -V 00 , As X has 


Z - X 
0 


TTz -xl 

o 


the property (m), the sequence {■ 


z -g 
n 

z “g 
n 


■} has a oomergBiat 


subsequence. Itoreover, 1 i 2 dg.(x) 

llV®JI illV^II + lU-gnll - dKW * lU-SnIl. 

which is bounded. As this implies that the sequeiKe 

{g^} has a convergent subsequence in K. ihis proves the 


theorem. 



Remark 4«2.5« 11: is oot knom. if an approximatively compact set, 

in general, is a svm of some type. Bae result is knom only 
when it is a Chebyshev set. 

Corollary 4.2.6. In a space wilh the property (m), no Chebyshev 
sun can support a discontiniaous metric projection. 

Eroof : Ihis follows immediately from the above theorem observing 

that an a^-stm is a generalization of a sun. 

In the following we use Iheorem 2.2.4 to obtain a result about 
the continuity behavior of the metric projection onto a Chebyshev 
set which may not be a sun of aoy type* 

theorem 4.2.7. Let K be a Chebyshev set in a space wildi the 
property (m). Ihen there exists a subset G- dense in X such 

that 

(i) if X e G, {g^}C K and jjx - g^jj -> djj.(x), then 

Ig-Cx), and 

(ii) the metric projection restricted to C is contin'uous. 

Proof: Since Pt/-(x) = x for x e K, we need only prove the 

result in the complement of K. Let x e X 'u K, and 

z = Xx + (l 7 X)Pj^(x), 0 < X < 1. 5b prove (i) we consider a 

sequence {g^}C^ ■**^'*^ dj^(z) = Xd^(x). 

Row set 


x' = 


z-x 






gn 


-X 


dj,(x) 


(4.2.9) 



!Sien> clearly, 0 < { [x' | j <1, }|g^ll aJid 11^*”“ €^11 = 

{ l^(x) 1 ^ -»■ X = 1 -jlx‘j|. Hoace applying IHieoran 2.2.4, we 
see 1±iat the sequence is compact in X. !lliis proves that 

the secjience s convergent subsequence in K. Bit E 

is Chebyshev and hence J^-Cx) is the only strong cluster point 


of Ihe sequence {g^} showing that I'g-(x). (The set 

(J = K V_-.' {XX + (i-x) Jg-Cx) : 0 < X < 1 } is clearly dense in X 
XE X'^K 

and (i) follows. 


To prove (ii), take {z^}C G-» z = Xx + (l-x) P^^Cx) e G-, 

JlI Ji. 

such that z^ -s- z. Baen it follows from 

I ll 2 -Pj^Cz)jj - I I z^-Pj,CZn^ 1 1 I = Uj,(z) - dj,Jz-j)| ■< llzjj - zll , 


that lim llZn-P}(^Vll = 

and hence taking g^= obtain, as in (i), ^ P^(z). 

!I5iis proves the result. 

4.3 A Special Case . Bae asstmption in Theorem 4.2.7 that E 
is Chebyshev can be relaxed if the norm in X has some additional 
properties. 

Theorem 4.3.1 * Let K be either (a) a closed subset of a 
uniformly convex Batmcfa space, or (b) a proximal subset of a 
locally uniformly convex Banach space. Then there exists a 


subset (x dense in X such that 



(i) if X e Gr,' {^}C K and | jx - g^j| -y d^Cx), then the 

sequence is convergent in K^and 

(ii) the restriction of to G- is singlevalued and contittuous. 

Proof : Pirst, let K be a closed subset of a miformly convex 

Banach space. Bien by a result of Edelstein [26] , there exists 
a subset D dense in X such that eveiy point in D admits a 
nearest point in K (see also Stechkin [74] ). 3he union G 
of all sets 


{Xx + y : 0 _< X < 1, y e Pj,(x)}, x e D, 

is clearly dense in X. Moreover, if x e I) and y e Pj^(x), 
then by the strict convexily of the noim 

S[x,d,,,(x)]/^S[Xx + Cl-X)y, X d^Cx)] = {y} , 0 < X < 1, 


where S [x^r] denotes the sphere centred at x and of radius r* 
Hence every element of G- admits a unique nearest point in K* 

How let z be any element of G; then z can be written in the 
form z = Ax + (l -A)y, where x e y e P^(x) and 0 £ A < 1, 

If K and 1 jz - 1 -»■ = X dg.(x), then setting 



z-x 


and = 
n 


V-)’ 


we see that 0<1 jx' j | =1 - X , | ]^1 j ^ 1 and j jx’- | = 

11^ il->X=1 - llx'li . 
d^(x) 


We can asstime that X o, that is, 



X 4 Kf since otherwise (i) would follow trivially. How, we 
see that all the conditions of Iheoren 2.2.4 are satisfied and 
hence the sequence is canpact in X. Hiis shows that liie 

sequence ^s-s a convergent subsequence in K. As z has 

a unique nearest point in K, this implies that y = 2g-(z) 

and thus (i) follows. The proof of (ii) is the same as in 
Theorem 4.2.7. 

In the case of (b), the set D is the whole space X and 
the pjToof is the same. Hence the theorem is proved. 



CHAPm - 7 


Qg gyJIDISm!E SE!IS Ig HORMED HiHEAH SPACES 

5-1 Introduction - Ebr any two distinct points x and y of 
a normed linear space X, let E(x,y) denote the equidistant set 
from X and y, that is, the set of points P in X for -rfaich 
jjp-xjj = ||p-yj j - Such sets have been introduced fay Kalish 
and Straus in [46] in connection with the study of "determining" 
sets in Banach spaces. Recently, it has been shown fay Klee [52] 
that there is a connection between weak continuily of metric 
pro^jections and weak closure of equidistant sets. Similar results 
have been proved by Kottman and Idn [54] with respect to weak 
and bounded weak topologies. !nhere arises now the following 
problem: When is an equidistant set weakly closed? It is easy 
to see that every equidistant set in an inner-product space or in 
a finite dimensional Banach space is weakly closed. But apart 
from these spaces, does there exist a space in ■which every 
equidistant set is weakly or weakly sequentially closed? Bae 
object of this chapter is fo answer this question. It is proved 
that in an £^-space (l < p < "), every equidistant set is bounded 
weakly closed. On the other hand, no equidistant set in Ir ( p) 

(l < p < “, p / 2 , and p a separable nonatomic measure) and c^ 
is weakly sequentially closed. 



5.2 notation and some basic results. Let M be a GhebysheT 


subspace of a noimed linear space, and let be the metric 

projection supported by 1, Bie following tbsoran will be 
useful: 

Theorm 5.2.1. ( [381 » page 159). Ihe metric projection P„ 
supported by a Chebyshev subspace M in a noimed linear space X 
satisfies the following properties: 

l) Pj^j is idempotent and closed; 

2 ) 1 ! P,,rCx) 1 1 I 1 x-Pj^(x) i I + I j xj I ;< 2 1 j xj 1 , for all x s X; 

3) Pjj is homogeneous (i.e., P^(tx) = tPj.(x), for all x e X 
and t e e); 

4) Pj^j is additive modulo M (i.e., P^(x4-y) = + E|g(y), 

if either x or y e M). 

Bae kernel of the metric projection P^^^ is the set 
{x e X: I’-j(x) = 0} and is denoted by M®. 

Proposition 5.2.2. ( [38], page .160 ). Let M be a Chebyshev 

subspace of a noimed linear space X. Bien X = , 

Proposition 5*2.3 ( [39] , Proposition 4). Let X be a anooth 

Banach space. Let {M^} be an arbitrary family of Chebyshev 
subspaces of X, and suppose that M, the closed linear span of 
{Mq } , is also a Chebyshev subspace of X. Ihen M • 

Proposition 5.2.4 ( [54] ) Let X be a Banach space, and let 

M be a reflexive, Chebyshev subspace such that is bw-closed. 

Then P,. is bw-continuous. 



ibr X 6 in X, let E(-x,x) denote the equidistant set 

from X and -x; i.e., 1iie set of points y e X such that 
[ [y~xj I = I |y+xj [ . Observe that each equidistant set is closed 
in the norm topology. It can be also easily checked that 
E(-x,x) + y = E(-x+y,x4-y) and e(-Xx,Xx) = xE(-x,x) for Xe E. 

If X and y e X and ||x-y|| = I [x+yf j , we say that x is 
orthogonal to y and write xxy. 31ius E(-x,x) is then the 
set of all eleaents in X which are orthogonal to x. Hiis 
concept of orthogonality is named the isosceles o rtho gonality 
and has been studied by James in [40] . We shall need the 
following result of James [40] : 

Proposition 5.2.5. Eor each pair of linearly independent vectors 
X and y in X, there exists a number t e R such that 
X + ty i X. 

^ -a cone in X, we shall mean a set K such that 
X e K ==4 tx e K, for every t ^ 0. Observe that M® is a cone. 
She closed linear span of vectors ' x^jXgj • • -x^’ will be denoted 

t>y Lxi,x2...,x^X • 

5.3 Some Properties of Equidistant Sets . We shall now study some 
geometrical and topological properties of equidistant sets. 

lemma 5*3.1 • Pet x be any nonzero element of a two diaensLonal 
normed linear space X. If E(-=-x,x) is convex, then it is a 
line through the origin. 



Proof ; Let E(-x,x) be convex and z e be any element in 
E(-x,x). Proposition 5.2.5 such a point z exists. We 

shall show that S(-x,x) = [z] and that will piove the lemma. 

Eirst, since E(-x,x) is symmetric about the origin, -z is in 
E(-x,x) and then because of the convexity of the set E(-x,x), 

{tz : Itj ^ 1 } C E(-x,x), If y e e(-x,x) is linearly independent 

from z, then either y and z or -y and z are separated by the 

line [x] . Since y s E(-x,x) implies -y e e(-x,x), we asstane 
that the former holds. Bren the line segnent joining y and z 
is contained in e(-x,x), but since this line intersects [x] at 
a point other than the origin it cannot be a point of E(-x,x). 

Hence there is a contradiction. IDiis means that any two nonzero 
points of E(-x,x) are linearly dependent. 

How we show that e(-x,x) is unbounded. Let z e E(-x,x) 
and 1 > 1 be arbitrary. Then again by Proposition 5.2.5 there 

exists a t e R such that Xz + tx e E(-x,x). Erom what we 

have already seen, this will mean that z and Xz + tx are 
linearly dependent. Bais is possible only if t = 0. Hence 
the result is proved. 

Theorem 5.3.2. let x^ % be any element of a normed linear 
space X. If E(-x,x) is convex, then it is a proximal 
subspace of co-dimension one. 


Proof : Let E(-x,x) be convex and z be any element of X 



outside [x] . !Ihen e(-x,x)A. [x, z ] is convex and by Lemma 
5.3*1 it is a line. Hius if z is an element of E(-x,x) then 
the span [z] is contained in e(-x,x). Consequently, E(-x,x) 
is a convex cone symmetric about the origin. If z^ , Zg e E(-x,x), 

then Xz^ e E(-x,x) and p z^ eE(-x,x) for all X,p£R. !feke 

any a, B e R. Since E(-x,x) is assumed to be convex, any convex 
combination of X z^ and p Zg is in E(-x,x) and, in particular, 

!■( Xz^+ pZg) ^ E(-x,x). We can choose X , p such that -fX = a 

and #p=0 and hence a z^+ B Zg eE(-x,x). Biis proves that 
E(-x,x) is a subspace. low let u e X. Baen either u = Xx 
or, by Proposition 5.2.5, u + Xx = z e E(-x,x) for some X e R. 

Ihus E(-x,x) and x together span X. Iherefore, e(-x,x) is 
of co-dimension one. Since each equidistant set is closed it 
follows that E(-x,x) is a closed subspace. 

Row let h s E(-x,x). Bien, by the convexity of e(-x,x), 
t !x-Xh| I = t 1^+ 1j 0_^X<1. As 11x|| <_|jx-Xhlj = |j x+Xh| j , 

we see that 6 is a nearest point of x in E(-x,x). If asR, 
then 

llax-h|j = |aj |jx-a~\jl = [a| ||x+a"^Iit! = l|ax + h|i 

for all h e E(-x,x) and hence 0 is also a nearest point in 
E(-x,x) to ax . As any w e X has a representation w = ax+h, 
where h e E(-x,x), we have 

Itw-hjj = llaxli ;< llax-zll, z e E(-x,x) 



which implies 


llw-hlj ilw-K-hjl, z e E(-x,x). 

But E(-x,x) being a subspace, z + h e E(-x,x) and hence 
i jw-hj 1 <_ I |w-vl { for every v e E(-x,x). Ihus every w c X 
has a nearest point in E(-x,x), that is, e(-x,x) is proximal. 

Day [20, Iheorem 5.4] has shorn that if every equidistant 
set in a noimed linear space is a linear manifold thoi the space 
must be an inner-product one. How in view of HLeorem 5.3*2 
this result can be stated in the following form; 

Iheo rem 5.3.3- let X be a normed linear space. If E(-x,x) 
is convex for each x e X, then X is an inner-product space. 

Proof ; Since each e(-x,x) is a linear manifoldjby 
Hheorem 5.3.2, the result follows. 

Ifaeorem 5.3.4. let M be the one dimensional span [x] of x 
in a normed linear space X . Let M be Chebyshev. Bien 
the following hold: 

(1°) M®e EC-x,x) n® = EC-x,x3. 

(2°) E(-x,x) is a cone ==^ = E(-x,x). 

Ihe following lemma will be needed in Ihe proof of the 
theorem: 

Lemma 5.3*5 ( [ 54 ] , Lemma 1 ). If xe X and M = [x] is 


Chebyshev, then 



Proofoftiae theorem. 


(l®) If ■ u £ e(-x,x), then by the above Isama S„f(u) = ax 
with |aj _< 1 . Since j ju-xj [ = [ |u+x[ j and u has a unique 
nearest point in [x] , ja{ / 1. We can write, in view of 
Proposition 5.2.2, u = U 0 + ax, where U 0 £ tl® and, since 
XUg £ M®C E(-x,x) for all X e 5 (ti® being a cone), we have 

1 1 1 = 11 XUg+xl I , 

which is the same as 

jjuQ - yxl 1 = Ilug + yxl 1 , for y e R. (5-3.1) 

In particular, with y = 1- a, we have 

llu+ (l-2a)xll = ]lug+ax+ Ci-2a)xl 1 = 11^0+ «x + (y-a)xl J 

= llug+yxll = llug-yxll = Mu-xj} = | In+xj ] 

(5.3.2) 

+ r,say. 

So the sphere centred at u and of radius .r meets 1 in 
atleast ti'jree points s -x, x, and (-1 + 2a)x, '.rhich is impossible 



linless l-2a = _^ 1 . Slius a = 0 or ot = 1 and the latter, we 

saw above»is also impossible. Baerefore “=0 and u e iil° . 

* 

(2°) Let u e . Baen there exists a number t such that 
u-tx e E(-x,x). By Baeorem 5.2.1, P.(u-tx) = = 

-tx and since u-tx e E(-x,x), applying LemoB, 5.3.5, we get 
1 1 j _< 1 . By assumption E(-x,x) is a cone and hence 
Xu- Xtx e E(-x,x). As Xu e M®, for all X e E, this again means 
that jxtj ^ 1 for all X e R. Bais is possible only when 
t = 0. Hence E(-x,x) and by (l°) above M®= e(-x,x). 

We see from (2°) that as cones the kernel M® and the 
set e(-x,x) coincide. Hawever, M© may even be a subspace but 
E(-x,x) is not. In fact, Kottman and Idn [54] have given an 
example where M® is a closed hyperplane, but e(-x,x) is not 
even weakly sequentially closed. In the following we examine 
their relationship as regards weak topology (see also [54] ). 

Baeorem 5.3.6. Let M = [x] be a Chebyshev subspace of a 
normed linear space X. Baen M® is weakly (bounded weakly, 
or weakly sequentially) closed if E(-x,x) is weakly (bounded 
weakly, or weakly sequentially) closed. 

Proof : We consider the case when E(-X5 x) is weakly closed, 

0 

the other cases being similar. Let {u^}C. ‘''- be a net which 



converges weakly to an elanent u e X. Suppose that u | M®| 
that is, / 0 . If we denote = 23 , thaa by 

Proposition 5 . 2.5 there exists a net of real numbers such 

that Uq - tpjZ e E(-z,z) and jt^l ^1. A subnet can 

be extracted such that it converges to a niMber t^ with 
|t^| _< 1. As z is a scalar multiple of x, the set E(-z,z) 
is also a scalar multiple of E(-x,x) and hence is weakly closed. 
Consequently, u - t^z e E(-», z) and P^j(u - t^z) = 2z-t^z e 
{tz : jti < 1 } . Dais shows that 1 < t <3 and since }t 1 1 , 

J I — Q Q 

we obtain t^= 1. Maus u-z e E(-z,z) and hence | Iu-2zl 1= 

1 1^.- )!! = 1 !u-6| 1 . Bais contradicts the Chebyshev property 

of M and the theorem is proved. 

We shall now consider a structural property of the set 
E(-x,x). 

Theorem 5.3.7. Let E(-x,x) be a convex subset of a normed linear 
space X, with j {xj j = 1. Then E(-x,x) is Chebyshev if and only if 
X is an extreme point of the unit ball of X. 

Proof : Let E(-x,x) be a Chebyshev set. It will be actually 
a subspace because of Theorem 5.3.2. If x is not an extreme 
point of the lanit ball of X, then there exists a pair of pointe 
x^ and x^. in the unit sphere S(x) such that x - -f (x^ + Xg) 
and I = {tx^+(l-t)x 2 i 0 £t 1. 1 } is contained in S(x). How 


jx^-x-xl ! = ! IX 2 I 1 = 1 = 1 1x^1 t = ! Uj-x + X 



f 


and hence x^-x e E(-x,x)* Similarly X 2 - 3 : e e(-x,x). Bius 
yXg e E(e,2x) and since E(-x,x) is a subspace, IC! E(0,2 x). 
As in Iheorott 5.3.2, e is a nearest point in e(-x,x) to x. 

It is also unique because by assumption, E(-x,x) is Chebyshev. 
Kiis in turn implies that 6 has the nearest point x in 
E(e,2x). But IC.E(0,2 x) and eveiy element of I is at unit 
distance from 6 . Ihis contradicts the Chebyshev property of 

E(8,2x). 

Conversely, let x be an extreme point of the unit ball 
U(x). We have already seen that 6 in e(-x,x) is nearest 
to X. If there exists an y e e(-x,x) such that y % but 
is nearest to x, then every point Xy with 0 jS ^ i ^ 
also nearest to x, that is, i ix-Xyj 1 = 1 for 0 £1. But 

-y also belong to E(-x,x) and hence l|x-Xyll = 1 for 

Hiis contradicts the fact that x is an extreme 
point. Hence 9 in E(-x,x) is the unique nearest point of 
X. If h e e(-x,x) is nearest to ax , « e R , then 
! I ax - h] I £ ! I ax- 9 | I, i.e. , I lx - '^| | £ I {xj [ . But 

h/a e E(-x,x) and the above argument shows that h = 9 , Hence 
0 is nearest to every ax, a e R. By theorem 5.3.2, 

X = e(-x,x) (5) [x] and hence any u e X can be written in the 
form u = z + Xx, where z e E(-x,x) and X e R. Now 



(5.3.3) 


inf [ [u-vl I = inf jlXx+z-vjj = inf t Ux-yj { 

ve E(-x,x) veE(-x,x) yeE(-x,x) 

= !Ux!t = Mu-zj!/ 

ihis shows that z is a nearest point of u in E(-x,x). Biat it 
is the unique nearest point of u follows from the feet that if 
llu-z^ll = ll^i-zil j £ e(-x,x), then 

nxxli = jlz-Zj+Xxll = Mxx- (Zj-z)jl, 

and z^-z e E(-x,x). As 6 is the unique nearest point of xx, 
z = z^ and this proves the result. 

We illustrate 5.3.7 by the following examples: 

2 

Example 5.3*8. Let X = R be equipped with 1he supremum norm, 
and let x=(l ,1 ) and z= (-1,1). Baen 

EC-x,x) = {(z^ ,Z2) s H^:inax {j Zj ^-1 i , I Z2-I I ) = max { j Zj^+l | , j Z2+1 1 }}. 


Considering various possibilities we obtain the following; 


(i) 

= 

Izi+ll = 

Zl = 0; I 22 li 1 Z 2 = 0 

(ii) 

Ui-il 


— > H* ° 

(iii) 

1 ^ 2 ”^ ^ 

= lzj_+ll = 

==^ Zj^ + z^ = 0 

(iv) 

!z2-i! 

“ Iv^l 

==^ Z 2 = 0; Izj 1 ll 1 1 ==^ = 0 



2 

Ihus E(-x,x) = {(z^jZg) e E. : z^+ 3 ^= 0} = [z] . Si m ilarly y 

it can be shorn that e(-s, z) = [x] . 2b prove that [x] is 

Chebyshev, it is sufficient, in view of X = [x] (T) [z] , to 

show that z has a unique nearest point in fx] . Indeed, 

inf jjz-Xxj| = inf max {j l-xj , [l+x] } = inf (1+X) = 1 = llzjj, 

XeR XeR X > Q 

and the infimum attains only at X = 0. 23ius 6 is the unique 
nearest point in [x] to z. Hence [x] is Chebyshev. 

Similarly, [z] is also Chebyshev. Clearly, x and z both 
are extreme points of the unit ball. It is also clear that if 
M = [ X ] and M = [ z ] , then = [ z ] a.nd = [ x ] . 

'I 

Example 5.3*9. let X = £ and e^ be the vector such that ej_(j ) 
5 _ , the Eronecker delta. 2hen E(-e^,e^) = {z e M U - e^| j = 

I I z + e^j I } = {z e z(i) =0} , a closed hyperplane. As 

X = E(-e^,e^) <+) [ e^] , E(-e^,e^) is a Chebyshev subspace if 

e^ admits a unique nearest point in £(- 6 ^, 0 ^). let z c E(-e^,e^ 
be a nearest point of e^. Since 6 e E(-e^,e^) we have 

1 1 ^“®i 1 ! £ i I ®i ! ! ~ ^ which is the same as 1 + 1 j z( j ) j j< 1 , 

3 ^ i 

because z(i) = 0. 2Ihis shows that z(3) = 0 for all j and 
hence z = 9 . 2hus 0 is the unique nearest point of e^ and 

hence E(-e^,e^) is Chebyshev, Clearly, is an extreme point 

of the unit ball of l , Also, if we virrite = [ej_] , then 

M| = E(-e^,e^). 



tur e o f equid i s t ant sets in Spaces# A named linear 
space X is said to have the 

l ) P-j “ property if for all x^y e X, s(x,y) is weakly closed ^ 

2) property if for each x e X with j j xj j =1, there 

exists > 0 such that whenever y and z are distinct points 
of the set x + U(x), then the intersection s(y,z)/'^\ (e^Ij(x)} 

is weakly closed* 

lhat there is a connection between and P^ properties 
and the continuity behavior of metric projections onto Ghebyshev 
sets is indicated by a result of Klee ( [ 52 ] 9 Proposition 2.5)# 

Kot much is known about spaces having the P^-pioperty. Apart from 
the finite dimoisional and inner-produc t spaces, no other example 
of spaces possessing the P^ -property has appeared in literatirre* 

In the following we shall show that each equidistant set in an 
£ -space (1 < p < co) j_s closed in the bounded weak topolos^' a^nd 
hence each £ -space (l < p < 00) satisfies the Ir-property, Since 
^(yjz) can be brougjit to the form e(-x,x) by a suitable translation 
we need only consider the latter type of sets. first, we prove 
a simple inequality. 

5.4.1. let P and y and z be any two complex 

numbers. ‘Uien the following inequality holds j 


ly+z!’’ - |y-zl”l <_ 2^ pCly^’^zj + UP). 



^roof : triangle inequality [y+zp ^dyl+izjP and 

ly~zp >!ty!~izjP and hence 

jy.zp - !y-zp < CtH-lz^P -llyl - UIP- (5.4.2) 

Since the R.H.S. of (5.4.2) is linaffected by changing the sign 
of z we obtain 

liy+zp _ ly_zpi ^ Clyl + UlP -llyl - PIP ( 5 . 4 . 5 ) 

Baus we need only prove the lemma in the form : 

Cly| -*■ Pi)^ -l!y| - PI p 2 ^ P(|yJ'"^z| + P ^1) ( 5 . 4 . 4 ) 

QO'Se I. Let P | <_ jy | * Lf we write x = jz/y| > then 

(5.4.4) reduces to 

Cl+x)P - (1-x)^ ^ 2? p(x+x^), 0 < X £ 1 ( 5 . 4 . 5 ) 

Set P(x) = (l+x)^- (l-x)^- 2^p (x+x^), 0 _^x ^1. Bhen 
P(0) = 0, I'(l) = 2^- = 2 P(l-2p) < 0, and 

F' (x) = p[Cl+x)‘ “+(l-x)^ ^~2^(l+px^ ^)3 _< r- [ max {(1+x)^ ^ + 

0±x 

Cl-x)^~^} - 2? min (1+px^'^)] ^ p[2^*p2p“p2P]=0 for 0 < x£l 
0 :^x 

Hence I'(x) 1.0 for 0 ^x and this is precisely the 

relation ( 5 . 4 . 4 ). 

Case II. Let jyj < |zj . In this case we take x = j y/z j and 



(5.4.4) then reduces to 


(l+x)P - Ci-x)P < 2^ p(i+xP"^), • 1 X < 1 (5.4.6) 

This inequality, however, follows directly from (5.4.5). Hence 
the lemma is proved. 

lext we prove a variant of Lebesgue’s Dominated Convergence 
1 

Bieorem for £ , Siis will be used to prove the main result of 
this section, 

lemma 5.4.2. Let , D} be a net in converging pointwise 

there exists a net > I*} i^i 5- which converges 
in nom to an element f and if fcr every a e D, then 

1 ^ CO 

<■ e £ and J ^ y 

i=l i=l 

— ‘ Since l<l>p,(i)| <_ for all a e d, taking limit 

we obtain i4(i)l <_ f(i) and this is true for all i. Hence 

CO CO 

I !4*(i)I ^ ^ f(i) < « as f e which sho?i?s that * e How 

1=1 i=1 


i.I 

i=l “ 


J «i)| i! .jj 

i=i.+l 


ill “ I <l>Ci) I + I I j + [(ii(i3 | 

1=1 i=l 




i=io-H 



CO CO 

^ I 1 f(i) 

i=io+l i=io'"l 


1 



= 1 r - i°, «i)! i 

i~i i.“X i~i 0 *^X 

■? 1 ^ 

l l I 4> (i) - i° <!>Ci}! + llfa“fil * 1 . (5.4.7) 

i=l i=l 

Given e > 0, there exist 7 e D and a sufficiently large i^ such 
that each of the s-uomands in the R.H.S. of (5*4.7) is less than 
s/3 for a ^ 7 . Ihis is precisely what we required to prove 
and this completes the proof. 

Remark 5.4*3 Taking di = f = e /n, where e (m) = 6 and 
n n nr ' n nm 

observing that { (j)^} is not dominated by a sin^e f e we 
see that Lemma 5.4.2 could be applied in situations in which 
Lebesgue’s Dominated Convergence Theorem does not help. 

Lemma 5*4.4. Let X be a normed linear space, and let B a 
subset in X* such that the closed linear span of B is the 
whole space X*. If {x^} is a boimded net in X and x 
is an element in X such that for every f e B, f(x^) f(x), 

then Xq(-=»-x. 

Proof ; Let | jx^j j _< K for all a , and let g be an arbitrary 
nonzero f motional in X*. Then given e > 0, there exist elements 

f^jfgj.-.jfn B and scalars 

I Ip - I “3 ^jll 1^/2 CK + llxil). 

i=l ■ 


such that 



How 


n n 

|g(x^-x)l < I Cg - I ajq)Cx^-x)j + I |a^( |f^(x -x) l 

i=l i=l 


llfg- I «!%! ! cl jxj^ll+llxt 1) + I [a^l l£^CX(^-x)l 

1 1 -i =: T 


<_ e/2 + i |f^CXoj-x)i 

i=l 


(5.4.8) 


Since f^(x^ ) -> f^(x) for i = 1,2,...,n, there exists y such 
n 

that I'^il I a ^ Y hence |g(x )-g(x)| ^ e 

i=1 ^ 

for o ^ Y • As g is arbitrary X|^-:s.'x. 

5.4.5. Let X be any point of (l < p < »), Ihen 
(— x,x) is closed in the bounded weak topology of the space. 

C^ajD} be a bounded net in E(-x,x) converging 
weakly to u. fhen 


lu.-xl = 


1 VI 


for all a. e D. 


[|uQ(i3-xCi) 1^ - luj^(i) + x(;l)j’ ] = 0 (5.4.9) 

I-et z^Ci) = ju^Ci) - xCi)| ‘-^ - |U(^(i) + x(i3 p, 
z-Ci) = iuCi) - xCi)p - luCi) + x(i)P, 
w^(i) == 2^^ p[|u^"^Ci) xCi)| + lx(i)p3,_ 



wCi) = 2? xCDi + ixCi)p], 

yCi) = IxCi) [. 

Clearly, z^_, w^, z ,z e £ and z^ z pointwase since 

Ua(i) -> u(i) for all i (weak convergence in £^(l £p < «) implies 

pointwise convergence). By Lemma 5.4.1, we have 


I ^ a e D. 


(5.4.10) 


She net {g^} is in 


1 1 

£ where — + — - i and 

P q 




i=l 


<» ^ ^ 1 


V 


* a)!'’)""’ " Iu5ti)!)'’.( Iju^CDh'-.llujlij 


u 


’■ = ] 


Since {Uj,} is a boiinded net this shows that {g } is also 

a 

bounded. iVioreover, g^ (i) ^ 0 for all i. Since the set 

^ ~ ^®i^i=1 ^ Schauder base for £^ (l < p < «), by 

Lemma 5.4.4, g _=>. 0 . Thus 

(X 


I IJ -w 

' a 


^ I yCi) 

i=l 


p 0 


(5.4.11) 


where 


<gct> represents the value of the bounded linear 


p I o* 



functional y e p? at g £ Applying lemma 5.4.2 to (5.4.10) 

a 

and ( 5 . 4 . 11 ) we see that 

CO 00 

I ZaCi) ^ I z(i) ( 5 . 4 . 12 ) 

i=l i=l 

“ CO 

I ~ ^ ® Hence z(i) = 0 i.e. 

i=1 i=1 

[ !u-x| = 1 lu+x| p and hence 1 |u-x| j = i |u+x| i . Oliis proves 

the theorem. 


Remark 5.4.6. let x be an element of Jl^(l £ p < “) with 
finitely many nonzero coordinates. Then E(-x,x) is weakly 

closed. 


Proof: Enumerate the nonzero co-ordinates of x by the numbers 

x(i^ ), x(i 2 ),..., x(i^). If ZjyeE(-x,x), then ] ] z^-x 1 P= ] | z +x 1 p, 


i.e. I , api 

./ J- 35 ^ 1 ,*-, .,,n 3-1 39^1,2,. , ,11 


or 


.1 k'aCi.) - xCi.)P = 
. 1=1 • ^ 





the 

if 


expression |z (i )p being finite. Therefore, 

i/^1,2 ,...,n 


Zqj— z then because of finite number. of summands in the 


above equation we have 



Hi 

\ |z(i ) - xCi.)!^ = I izCiJ + xCijI”, (5.4.13) 
j=i ^ J j=l ' 

acd. adding the expression \ )l ^ both the sides 

j/^1 ,2 j . . • >n 

of ( 5 . 4 . 13 ) we get the required result. 

We do not know whether in naeorem 5.4.5 the bounded weak 
topology can be replaced by the weak topology or not. However, 
it is clear that each 2.^-space (1 < p < “) satisfies the 
p2“P3^P®3rty. As a consequence we have the fbllowing ( [52] , 
Proposition 2.5) s 

Proposition 5.4.7. Let Q be a bound edly compact Chebyshev set 
in i^(l < p < “). Ihen each point of i!-^ Q admits a nei^bour- 
hood on which "the restricted metric projection is weakly continuous. 

Proposition 5.4.8, Let M be a closed linear subspace of 
£^(l< n < co); Pj^ the metric projection onto M. Ihen P^^ is 
continuous both from the strong to strong topology, and from the 
bounded weak to bounded weak topology on 

Proof ; Because of the miform convexity of the •■-^-space, M is 
an approximatively compact Chebyshev set and hence supports a 
continuous metric projection (Singer [71 ] ). !Ib show that 
is continuous in the bw-topology of we observe that for each 

X £ X, and M = [x] , M® is bw -closed on account of Eheorems 

5 . 3.6 and 5 . 4 . 5 . By Proposition 5.2.3 we have M®= '' M® 

X C M X 



which shows that M® is bw-closed. Hie bw-continuity of 
then follows from Proposition 5.2.4. 

Bemark 5.4.9. Hie above has been essentially observed by Holmes 
[37] by using the fact that an il^-space (l < p < ") has a 
weakly sequentially conUnuous duality mapping. 

In the case of s} , since strong and weak sequential 

convergence coincide, e(-x,x) is weakly sequentially closed 

1 

for each x. This property of 5, is weaker than the corres- 
ponding property of other £^-spaces. It is interesting to note 
that this common property of 2,^-spaces distinguishes them from 
Ii^lv) spaces (l < p < “, p 7^ 2), vhere p is a separable non- 
atomic measure. Indeed, Lambert [ 38 » 56] has shown liiat M® is 
weakly sequentially dense for any finite dimensional Chebyshev 
subspace M and consequently, E(-x,x) cannot be weakly sequentially 
closed. In the fullowing we show that c^ is another example 
of a space where no equidistant set is weakly sequentially closed, 

Theorem 5.4.10. Let x be any point in c^. Then E(-x,x) is 
not weakly sequentially closed. 

Proof: Let x = (x. ,x„, . . . ,x c . Take ' 

0 , if i 5^ n 

= 2| Ixj jspp , if i = n and Xj^ # 0 

_2 j I x| I , if i = n and = 0 



Then ||z^-xjj = 2| |xj j for all n and (|z^-2x[j = 2j jxj | 
for all sufficiently large n. Hence e E(x,2x) eventually. 
Since the sequence {z^} is bounded and converges pointwise to 
e , it also converges weakly to 6 (see Kothe [551 , page ::24). 
But e i. e(x,2x) and hence e(x,2x) cannot be weakly sequentially 
closed. Bie result then follows from the relation E(-x,x) = 
2E(x,2x) - 3x. 

Corollary 5.4.11. Ho one dimensional Ghebyshev subspace of c^ 
can have a weakly sequentially continuous metric projection. 

Proof : Let M = [x] be Ghebyshev, and Be the sequence 

described in Theorem. 5.4.10. Then by Lemma 5.3.5? ^ 

{tx: 1 t X 2 } for sufficiently large n, and s) = 6 • 

So / 0 which shows that is not weakly sequentially 


continuoTos . 
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